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In this paper we generalize the analysis of the Campanato-type dual spaces [1], [3], for the highly anisotropic
Hardy spaces on R"™ introduced in [8]. These Hardy spaces are constructed over multi-level ellipsoid covers of
R™, where the ellipsoids can change shape rapidly from point to point and from level to level.
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1 Introduction

The theory of real Hardy spaces in more ‘geometric’ settings has also received much attention. Coifman and
Weiss pioneered this field in the 70s [4], [5]. Then, Folland and Stein in the 80s studied Hardy spaces over
homogeneous groups [12]. However, in general settings, such as the setting of spaces of homogeneous type, the
Hardy Spaces with p ‘close’ to zero do not have sufficient structure. Bownik [1] investigated a special form of
Hardy spaces defined over R", where the Euclidian balls are replaced by images of the unit ball by powers of a
fixed expansion matrix. In this setup, Bownik was able to construct and fully analyze anisotropic Hardy spaces
for the full range 0 < p < 1. In [8], these spaces were significantly generalized by constructing Hardy spaces
HP(0), 0 < p < 1, over ellipsoid multi-level covers O, where the anisotropy may change rapidly from point to
point.

Here, motivated by the careful analysis of [1], [3], we investigate the Campanato-type dual spaces of H?(©),
0 < p <1 (for p = 1, it follows from the general theory of spaces of homogeneous type that the dual space is
the suitable BMO space [8]). In Section 2 we recall the basic properties of the anisotropic multi-level ellipsoid
covers introduced in [6]. The ellipsoid covers induce anisotropic quasi-distances on R™ and together with the
usual Lebesgue measure, form spaces of homogeneous type. In Section 3 we review multiresolution anisotropic
representations [7] that are required for the proof of our main result. In Section 4 we review the anisotropic
Hardy spaces H?(©) [8]. As in the classical case, HP(O) ~ LP(R™) for any 1 < p < oo, and any continuous
ellipsoid cover © and therefore we focus our attention on the case 0 < p < 1. In Section 5 we define anisotropic
Campanato-type spaces and prove that, modulo a space of polynomials of certain degree, they are indeed the duals
of HP(0O), 0 < p < 1. The main technical issue one needs to deal with is that ,in general, a linear functional that
is uniformly bounded on atoms is not automatically bounded on the Hardy space [2].

Throughout the paper, the constants ¢ > 0, depend on various fixed constants such as the parameters of our
covers, the dimension n as well as other parameters and their value may change from line to line.

2 Anisotropic ellipsoid covers of R"

We recall the definitions of [6]. An ellipsoid is the image of the Euclidian unit ball B* in R™ via an affine
transform. For a given ellipsoid 6, we let Ay be an affine transform such that § = Ay (B*). Denoting by
vg := Ag (0) the center of § we have

Ag (.’,E) = Mpx + Vg,
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where Mpy is a nonsingular n X n matrix.

Definition 2.1 We say that

o:=Je,

teR

is a continuous ellipsoid cover of R™ if it satisfies the following conditions, where p (0) := {ay,...,as} are
positive constants:

(i) For every x € R™ and t € R there exists an ellipsoid 0 (z,t) € ©, and an affine transform A, ; (y) =
My +(y) + x such that 6 (x,t) = A, ; (B*) and

a127" < |0 (z,t)| < ag27". (2.1

(ii) For any z,y € R",t € Rand s > 0,if 6 (x,t) N 0 (y,t + s) # 0, then

az2™ " < 1/|| My} Mo || < || My i My s < as2700, (2:2)

Definition 2.2 We call

o= O,

meZ

a discrete multilevel ellipsoid cover of R" if the following conditions are obeyed, where p (©) := {ay, ..., as}
are positive constants:

(a) Every level O,,, m € Z, consists of ellipsoids € such that
a12™™ < 0] < ap2”™, 2.3)
and ©,,, is a cover of R",i.e. R™ = Uee@m 0.
(b) For each 6 € © let Ay be an affine transform associated with 6, of the form
Ay (y) = Mpy +ve, My e R™™",

such that § = Ay (B*) and vg = A (0) is the center of §. We postulate that forany 6 € ©,,, and ¢’ € O, 4.,
v >0, withd NG # (), we have

as2 ™ <1 /|| My M, < ||My " Mo,

< az27 %" (2.4)

le —lg la—l2

(¢) Each 0 € ©,, can intersect with at most N; ellipsoids from O,,.

(d) For any z € R™ and m € Z there exists 6 € ©,, such that z € ¢, where ¢ is the dilated version of 6 by
a factor of ay < 1,i.e. 0% = Ay (B (0,a7)).

(e) IfONn # O withd € ©,, andn € O, UO,,;1, then ¢ Ny # (), where ¢, 1 are the dilated versions
of 8, n by a factor a7 as above.

We refer the reader to [6] and [8] for discussions and examples of highly anisotropic covers. We shall need the
fact that a continuous cover can be ‘sampled’ to create a discrete cover with equivalent ellipsoids

Theorem 2.3 [6] For every continuous ellipsoid cover © of R there is a discrete ellipsoid cover O such that
each ellipsoid 6 € © is obtained from an ellipsoid in © by dilation by a factor rg obeying (a7 +1)/2 < rg < 1.
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The ellipsoid covers induce quasi-distances on R™. A quasi-distance on a set X is amapping p : X x X — [0, 00)
that satisfies the following conditions for all x, y, z € X:

@ pla,y) =0 =y,

®) p(z,y) =p(y,z),

(c) For some k > 1

p(z,y) <k(p(x,2)+p(2,9)-

Let O be a cover. We define p : R x R™ — [0, c0) by
= inf {|6] : 0}. 2.
p(z,y) = inf {|6] 12,y € 6} 2.5)

Theorem 2.4 [6] The function p in (2.5), induced by an ellipsoid cover, is a quasi-distance on R".

Let © be an ellipsoid cover inducing a quasi-distance p. We denote
B(z,r) :={yeR": p(z,y) <r}.
Evidently,

B(a,r)=J{0: 16| <r, v €6}
0cO

Theorem 2.5 [6] Let © be an ellipsoid cover. For each ball B (x,r), there exist ellipsoids 6',0" € O, such
that 9 C B(x,r) C 0" and |0'| ~ |B (z,7)| ~ |0"| ~ r, where the constants depend on p (©).

Spaces of homogeneous type were first introduced in [4] (see [11]) as a means to extend the Calderén-
Zygmund theory of singular integral operators to more general settings. Let X be a topological space endowed
with a Borel measure p and a quasi-distance p. Assume that the balls B (z,7) := {y€ X : p(z,y) <7},
x € X, r > 0, form a basis for the topology in X. The space (X, p, ) is said to be of homogenous type if there
exists a constant A such that forall z € X and r > 0,

(B (x,2r) < M (B (z,7)). (2.6)

If (2.6) holds then p is said to be a doubling measure [14]. A space of homogeneous type is said to be normal,
if the equivalence y (B (x, 7)) ~ r holds. Theorem 2.5 ensures (2.6) holds for the case of an ellipsoid cover and
implies that it induces a normal space of homogeneous type (R", p, dx), where p is the quasi-distance (2.5) and
dx is the Lebesgue measure.

3 Anisotropic multiresolution representations

For the proof of our main result we shall need the constructions from [6] and [7]. Let © be a discrete ellipsoid
cover (see Definition 2.2), possibly sampled from and equivalent to a continuous cover (see Theorem 2.3). We
shall first construct for each level m € Z a stable basis ®,, whose elements are C*>° ‘bumps’ that reproduce
polynomials and are supported on the ellipsoids of ©,,. To this end, we split ©,, into no more than N; disjoint
sets {@Zl}f,\gl (N7 appears in condition (c) in Definition 2.2), so that neither two ellipsoids ¢, 0" € ©,,,, with
0’ N 0" # ( are of the same color. Later, where we require the stability of the ‘two-level splits’ of [6] (see
below), we shall need a stronger coloring scheme, where two intersecting ellipsoids from adjacent levels also
have different colors.

For a fixed order r € N, there exist functions ¢, € C*° (R"), 1 < v < Nj, with the following properties:

(1) ¢, > 0 with supp @, = B*, where B* is the Euclidean unit ball in R™.

(ii) The restriction of ¢, is a polynomial of degree 2vr on B (0, (a7 + 1)/2).

(iii) In addition

¢V|B(O,a7) Z c1 > O, C1 = C1 (Nl,T) . (31)
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For any ellipsoid 6 let Ay be the affine transform satisfying Ay (B*) = 6 and let ¢y := ¢, © A;l, ifod cOy,. It
is standard to form a partition of unity {(59} by setting
0€O,

- 0
b0 := > dor

0'€Om,

3.2)

Observe that property (d) of discrete ellipsoid covers (see Definition 2.2) together with (3.1) ensure that 0 < ¢/ <
> gco, Po(x) <, forall z € R™ and hence {(59} are well defined and satisfy the partition of unity

D o, P =1 (3.3)

By property (ii) above, the ‘core’ part of each (59 is a rational function, whose nominator is a polynomial of a
certain degree which is different from the degrees of the nominators of its neighbors, i.e. the basis functions
supported on neighbor ellipsoids. This construction gives local linear independence of neighbor basis function
and eventually leads to the global stability of @,,.
Denote by IT,_; the polynomials of total degree r—1. Fix 1 < v < Nj. Suppose {Pz: B € N",|B| =01 + -+ Bn <r —1}
is an orthonormal basis for I, in the weighted norm || ||, g« 4,y := [[f&vl,(5+)- Then for any 6 € O,
and § € N™, |5| < r, we define

Ppg:=0]"*Pso A, (3.4)
and set

%0, = Po,500. (3.5)
To simplify our notation, we denote

Ap i ={N:=(0,0):0 € 0,,|68] <r}, (3.6)

and if A = (0, 3) we shall denote by 0 and (3, the components of .
Notice that from our construction [[x[|, = 1 and in general |||, ~ |t9)\|1/1071/2

further we define the mth level basis by

, 0 < p < 0. In going

D, ={pr: A€ AL},

and set S, := span (D,y,).
Itis easy to see that II,_; C &), since for any polynomial P € II,._; and 6 € O,,, there exist a representation
pP= Z|ﬁ|<r co,3Ps,p and therefore, by the partition of unity (3.3)

P: Z P(gg = Z Cgﬁpgﬁ(gg = Z Cgﬁ(ﬁgﬁ = Z C PN (37)
0O, 0€O,,|B|<r 0€O,,|B|<r AEA

As we already discussed, the stability of ®,,, is critical for our further development.

Theorem 3.1 [6] For f € S, N Ly, 0 <p <oo,withf = > cxpx, the following holds
AEA,

1/p 1/p
£, ~ < > ICWAIZ) ~2m(33) < > |C>\|p> : (3.8)

AEA, AEA,

with the obvious modification when p = 0o and where the constants of equivalency depend only onp (©),n,r,p
and our choice of ‘bumps’ {¢y},_, -
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Let 2 C R be a subdomain with non empty interior. For f € L, (2),0 < p < oo,h € R" andr € N we
recall the rth order difference operator

u r+k T
AL (frx) = A5 (f,2,9Q) = ]6;0(_1) ( k )f(:c+kh) [z, 2 +7h] C Q,

otherwise,

where [z, y] denotes the line segment connecting any two points z, y € R™. The modulus of smoothness of order
r of a function in L, (R™) is defined by

Wy (fa t)p ‘= sup HAZ (f5 )HL (R™) > t> Oa (39)
|h|<t ’

where for h € R™, |h| denotes the norm of the vector. For f € LZ’C (R™), 0 < p < 00, and any bounded convex
domain 2 C R™ we denote

wr (f, ), = wy (f, diam (Q))LP(Q) . (3.10)
Next, for any 6 € ©, let Ty, : L, (§) — II,._1 be a projector such that
Hf_TH,prLp(g) <c(n,rp)w(f, o)pa feL,0). (3.11)

For p > 1 the local projectors Ty, can be realized as a linear operator using the Averaged Taylor polynomials
(see e.g. [9], [10]), but for 0 < p < 1, T}, are not linear operators. Forming a partition of unity of these local
polynomial approximations on each level gives the following operators T}, : LP(R"™) — S,

T (f) = Tonp (f) = > Top (f) @0, meZ. (3.12)

0€O,

We record the following properties of these operators
Theorem 3.2 [6] Let © be a discrete cover. Then for any f € LI° (R™), 0 < p < oq,

O N T fll 1,0y < clfIl L, (ov) - Jor any 6 € O, where 0° := g co,. orgr208 -
) 1f =Tkl <c > wel(f,0),

0/ €O, :0’NOFAD

(i) ||f — TmeLp(Q) — 0, as m — oo, for any compact ) C R™.
We now proceed with the construction of ‘two-level split’ representations. Denote

Moy i ={v=(0,0,8) 11 € Omy1,0 € Op,nNO#D, 6] <1}, meL,
and define using (3.2) and (3.5)

F, = Py sbndo = pnpde, vE Mm, (3.13)
We also denote

Fm:={F,:v e Mp}, W := span (Fu,) -

Note that F}, € C*, supp (F,,) = 6 Nnif v = (n,0, ), and by property (e) in Definition 2.2 we have that
1/p—1/2

vl ~ Il
Theorem 3.3 [6]If f € W, N L, (R™),0<p<ocoand f = Zue/\/{m a,F,, then

1/p 1/p
|f|p~< > IauFu|Z> ~2m(33) < > Iau|p> : (3.14)

vEM .,

, 0 < p < oo. Itis important that with careful construction, F,, is a also a stable basis

with the obvious modification when p = oc.
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Let the coefficients {AZ%} be determined from

Pooa= Y AlMP 3 0E€On, 1EOmi. (3.15)
1l <r

Let A € A, and A = (0, ). Then using (3.5), (3.15) and (3.13) we obtain the following meshless two-scale
relationship

©x = Pp oty = > Py 0bodn = > AZ’Z}Pn,ﬁ(gefgn
NEOm+1, nNOFAD NEOm+1, nNOF#0D, |[3|<T
= > ALLF 0.8,
NEOm+1, NNOAD, | B|<r
and hence @ € W,,. Also, if A € A, 11 and A = (1, ), then
or=Pogby= > Pugbpbe= Y.  Frop

0€O,,:0NN#D 0€O,,:0NN#D

Combining the last two results we find that span (®,,, U @ p1) C W,

4 Anisotropic Hardy spaces

Let S be the Schwartz class of rapidly decreasing test functions (in Euclidian sense) and S’ as its dual space. The
following definitions are from [8].

Definition 4.1 For 0 < N < N, let
S = {0 €8 ully = maviex sup (14l 0*v(s)] < 1.
yeR™
For a given 6(x, t) = x + M, ;(B*) in a continuous cover O, we denote

Vo ay) = |det(M, ) (M} (z —y)). 4.1)

Definition 4.2 Let f € S’ and ) € S,and 0 < N < N. We define, respectively, the radial maximal function,
and the grand radial maximal function of f as

M f(x) = sup ’/ f(y)wx,t(y)dy’ ,

My g f@) = s M),

N,N

For a continuous ellipsoid cover © of R", with parameters p(©) = (a1, ..., a6) and 0 < p < 1, define N,(©)
and NV),(©) as the minimal integers satisfying

1 1 - N,(©)+1
Ny(0) > merthantl g gy aily(©) £ 1 4.2)
agp ae
Definition 4.3 Let © be a continuous ellipsoid cover and let 0 < p < 1. Denoting M° := M? we define

vaﬁp,
the anisotropic Hardy space as
HP©):={feS :M°f e LP},
with the quasi-norm || f|| g» (@) := |[M° f||,-
Using classical arguments as in Section III of [14], one can show that for any cover © and 1 < p < oo,
H?(©) ~ LP(R™). Therefore we focus our attention to 0 < p < 1. As in the classical case, the anisotropic
Hardy spaces can be characterized and then investigated through atomic decompositions.
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Definition 4.4 For a cover O, we say that (p, ¢, 1) is admissibleif 0 <p < 1,1 <¢g<oo,p<g,andl € N,
such that | > N, (©) (see (4.2)). A (p, ¢, !)-atom is a function a : R™ — R such that

(i) supp(a) C 0(z,t) for some O(x,t) € O, wherez € R” and t € R,
(i) |lallq < [0(z, )]/ 9717,
(i) [g. a(y)y®dy = 0 for all « € N™ such that |a| < 1.

Definition 4.5 Let © be an ellipsoid cover, and let (p, ¢,1) be an admissible triple. We define the atomic
Hardy space H 5,1(@) associated with © as the set of all tempered distributions f € &’ of the form 32, \;a;,
where 22, |\;|P < oo and a;, 7 > 1,1is a (p, ¢, l)-atom. The quasi norm of f is defined as

e o) = inf { (352, [Ni[P)/P 1 f = £2 Mg, a;isa(p,q,l)-atom}.

Theorem 4.6 [8] For any cover © and 0 < p <1, HP(O) ~ Hg,l(@) forany (p, q,1) admissible triple.

5 The dual space of H?(O)

As is known from the general theory of spaces of homogeneous type, the dual of H'(©) is BMO(O), which
for completeness we define here (see [8]). Let © be a cover and let f : R™ — R. Denote the means over the
ellipsoids by

1
fo .:W‘/ef(:c)d:c, 0 € 0.

Then, f is said to belong to the space of Bounded Mean Oscillation BM O (©) if there exists a constant 0 <
M < oo such that

1
sup—/|f(x)—f9|d:c§M.
oco 0] Jo

We denote by || f|| 5r/0(e) the infimum over all such constants.
Thus, our analysis of dual spaces is focused on the case 0 < p < 1.

Definition 5.1 Let © be an ellipsoid cover (continuous or discrete) over R", andlet s > 0,1 < ¢ < co and
1 =0,1,2,.... We define the Campanato-type space C; ;(©) as the space of functions g € quoc (R™) such that

lglle; o) = sup 6]~ Dy (g,0), < oo, (5.1)
| up

where w11 (g, 8)4 is the modulus of smoothness of g over 6 defined in (3.10).

A few remarks are in order

1. It is known (e.g. [10]) that for g € quoc (R™) and any bounded convex domain 2 C R™, we have the
equivalence

Piglf[l g = Pllz @) ~ wit1(f, Q)g, (5.2)

where the equivalence constants are independent of g and €2 . This leads us to the following equivalent
definition of Campanato spaces. Assume the parameters s, g and [ as in Definition 5.1. A function g €
Ll¢(R™) belongs to C;.(©)if

1/q
s q
ztelgplggl 0]~ (|9| /Ig z)| d2> <00, (g<o0), (5.3)
sup mf |0] Fesssup |g(z) — P(z)|, (¢ = 00). (54)
oco PEIL z€0
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2. By Theorem 2.5, we can replace the ellipsoids in (5.1) by anisotropic balls to get an equivalent norm. In
the case where we create a discrete cover by sampling a continuous cover (see Theorem 2.3), where both
induce equivalent quasi-distances, this also gives that the Campanato-type spaces constructed over them are
equivalent.

3. Itis readily seen that C; ;,(©) /11 is a Banach space.

The main result of this paper is the following
Theorem 5.2 Let © be a continuous ellipsoid cover and (p, q,1), 0 < p < 1, an admissible triple. Then

(Hp(@))* = (H';,z(@))* = C;,/flofl(@)/ﬂl where 1/¢' +1/q = 1. (5.5)

For the proof of Theorem 5.2 we need to follow the careful analysis of [1] and [3], but adapted to our highly
anisotropic setting. Although it is easy to prove uniform boundedness of the action of g € Cé/, ,(©) on HP(©)
atoms, this does not automatically guarantee boundedness on H?(©). For example, in general, one cannot
assume that I(f) = 3. A\il(a;) holds for a linear functional [ that is uniformly bounded on atoms and an atomic
representation f = ), A\;a; (see the detailed discussion and counter-examples for the isotropic case in [2]). Thus,
we shall use an approximation argument, through a series of Lemmas.

The approximation argument proceeds as follows. First, Lemma 5.3 shows that for the stronger case where
g € Sand any f € HP(O) such that f = >, A\ja,, with ), |\|P < oo, where a; are (p, ¢, [)-atoms for an
admissible triplet, we do have

/fg = Z&-/aig- (5.6)

Then, in Lemma 5.5 we generalize this (in some weaker sense) for g € C;{ ]lo 71(@) N C*°, through an approxi-
mation of the action of g by a sequence of Schwartz functions. Finally Lemma 5.6 shows equality (5.6) for any

1/p—1
gecC q/< v
C*°. Once the technical goal of validating (5.6) for arbitrary g € C
the proof of Theorem 5.2.

Lemma 5.3 Let (p, q,1) be an admissible triple, and f = 37, N\ia; € H} ((©), with 37, [\i[P < co. Then

[ro=5x [aw. woes. 57)

Proof. For ¢y € S and z € 6(0,0), denote ¢¥” (y) := | My 0|t (—My 0y + x). Since by (2.2) for the points
x € 0(0,0), all the ellipsoids 6 (z, 0) have ‘equivalent’ shape, it is not difficult to see that there exists a constant
¢ (|| Mooll,p (©)), such that

[V v < cllYlly, g, Voeb(0,0).
Observe that (using the notation (4.1))

o= [ ez

(©), through the approximations 7}, g, where T,,, m € Z, are the operators (3.12) mapping Ly to

1/p—1

41 (©) isachieved, we can proceed with

< clldllym MO ().

Therefore

ool <c | MF@Pde< el il (5.8)
6(0,0)

where the constant depends on the cover and ). Now, assume f = ) . \;a; is an atomic decomposition of
f € HP(O), with ). |A\;|P < oo. Then

[ = X N, )] < el f = 5 Nl ey — s m — oo,
which shows (5.7). O

For the next Lemma, we recall ( [6], [8]) that there exists a constant (p(®©)) such that for all z,y € R™ and
ti1,t2 € R, if 9(56, tl) n H(y, tg) 7§ () with t1 < to, then H(y, tg) C 9(56, t1 — ’7)
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Lemma 5.4 Let © be an ellipsoid cover such that B* = 0
supp(¢) C 0(0,7), 0 < ¢(z) < 1 forall x € R", and ¢(x)
>0+ SJFalF/q 1 there exists ¢ > 0 such that for any g € Cj,

(0,0) € ©. Let ¢ be a smooth function such that
1 forall x € 6(0,27). Then, for any integer

(©) one has
16~ To-0 99l (o < ¢ lglcs, o1

where Ty o are the linear polynomial approximations satisfying (3.11), withr —1 = [.

Proof. Consider g € C;, ,(©) with [|g]lc:, (o) < 1, denote g := (9 — Tp+¢g)¢ and let § = 6(x,1) € ©. We
’ q’,

have two cases to consider. For the first case, t < ~, we have

. (1 _ g 1/q’
infpep, (0] (m Jolg— Pl )

~ ! 1/q'
<161 (B oo 1917

’ ’ l/q/
<1017 (fy 19 = Torrgl”)
< C|9|*(s+1/q/)wl+1 (g, B*)q/ < c||g||C;/,l(@).
We now prove the second case, ¢ > . Since the support of g is contained in 6(0, ), and since we want to

estimate its Campanato norm, we may consider only ellipsoids (z, t) at levels > -, which intersect 6(0, ), and
therefore are contained in B*. We denote G := g — Tp- g and P, := Ty o G. We have

<

HPlHLq/(e) > CHGHLq,(e)
<clg=Ts a9l 5
< CHQHc;,Z(@) ¢

and

s+1 !
IG = Pully, o) = 9 = To.wgl, 0 < c 1617

Let P, be the Taylor polynomial of ¢ around x of degree I” > %F/q/ — 1. Since §(z,t) N B* # Pand t > 0,
(2.2) implies that diam(6) < ¢27%¢, Therefore, the Taylor Remainder Theorem gives

sup.cq |¢(2) — Pa(2)| < Clz — 2|+
< C(2ft)(l”+l)a5 < C(2ft)s+l/q/

< clg|sti/e

Consider the polynomial P := P; P, of degree < deg(P;) + deg(P2) < I+ 1" := I'. Applying the last three
estimates we conclude

19 = PrPell, ) = 1GE = PPzl 6
<Go = Pidllp ) + 1720 = PrP2l L6

<G = Pilly,, 9y +5ubcq [0 (2) = P2 (] 1Pl 0
<l
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O

For an admissible triplet (p, g,1), 0 < p < 1, we denote by M/ as the set of all ¢ integrable functions, that have
compact support and [ vanishing moments, namely

M = {f € LY(R") : f has compact support, /f(x):co‘ =0, V]ja| <I}.
Note that M C HP(©), for any cover ©, since for any f € M7 whose support is contained in an ellipsoid
6 € ©, the function |6|(*/4=1/P)|| f|| -1 f, is in fact an atom. Moreover, M is dense in H?(©).

Lemma 5.5 Suppose g € C;, ,(0) N C>, where s > 0,1 < ¢' < 00,1 = 0,1,2,... Let ' be an integer

satisfying I > 1 + %{/‘1/ — 1. Then there exists and a constant ¢ > 0 independent of g, and a sequence
{gm}m C S such that

gmlles, @) <cllglle:, @ YmeN, (5.9)
Jomt = [t asm— oo, vs < a. (5.10)
, —m), such that M, (B*) = 0.,

Proof. For every m € N, let M,, be the matrix associated with 6,,, := 6(0
Consider ¢ € C'*° as in Lemma 5.4. We denote g/, := g(M,,), and ¢/, :=

sequence {gm }m by

(90, — T+ q by ) - We define the

Im = ggm(anl)
It is not hard to see g,,, € C'*°, and has a compact support. Moreover, condition (5.10) follows immediately from

the construction of { g, },. Thus, it remains to show condition (5.9). In what follows, we use the fact that for
every invertible matrix M and 0 < g < oo,

wr(f(M-), M™10) = | det M|~ Y0, (f,6),. (5.11)

For every m € N, consider the ellipsoid cover 0 := M,;*O. It is obvious that B* = M, *(0,,) € O. For any
fe C;xl(@>’ denote f := f(M,,-). By our construction and (5.11)

|1

= SUPgco ’anl(o) ’ et )wl+1 (.f(Mm')a Mﬁl(o))q/

~—(s+1/q 5
= supgep [0 (7.0),

¢z, (8)
m

= | det Mm|s+1/q/ SUPgco |0|7(S+1/q/)wl+l (f(Mm)a Mﬁl(o))q/

m

= | det Mm|s+1/q/ SUPgeco |9|7(S+1/q/)| det Mm|71/q/wl+l (fa 9) q

— |det Mm|5 SUPgeco |9|*(S+1/q/)wl+1 (f, 9)(1/ = |det Mm|S HfHCZ/ (©)

Since g € C;, ;(©)NC we conclude gy, := g(Mm-) € c;/yl((a)mcm, Moreover Hg;nHC;,,l(é) < |det M,,|* HgHC;/J(@).
As B* € ©, Lemma 5.4 implies

HgZIHC;/,Z/(é) = H (g;n - TB*,q/g;n) C;/,l/(é)

< CHQ;an;/ (©) o
< cf det Myn|*llglc:, (o) -

Copyright line will be provided by the publisher



mn header will be provided by the publisher 11

We then have by the construction, (5.11) and (5.12)
llgmlles, @) = llgm(Mz)lles, )
= supgee |0] 7 Dwyp 41 (g, (M), 6) o

m

|det M;1|Ssup§€é |9|*(S+1/(1 )wl/+1 (gg,“ 9)(1/

- -1 " ~
= [ det M " llgmlle:, @) < ¢llglle:, o)

O
Lemma 5.6 Ifg € C;xl(@)’ where s > 0,1 < ¢ < o0, ag(l+ 1) > s, then
Tmglle:, ) < cllglle:, &) ¥Vm €Z, (5.13)
/Tm(g)f — /gf, asm — o0, Vf € M], (5.14)
where T,, = Ty, ¢, m € 7, are the operators (3.12) defined over the cover © if it is discrete, or over a

‘discretization’ of a continuous cover per Theorem 2.3.

Proof. Without loss of generality © is a discrete cover and the operators 7,,, are well defined over it. For any
f € M}, by the relation 1/¢’ + 1/q = 1, Holder inequality and Theorem 3.2 (iii) we get

’f]Rn g — f]Rn fg’ < j;upp(f) |f(ng - g)|

/ l/q/
< 1oty (Jappr) 1Tmg = 917) " = 0asm = oo,

Thus, it remains to show condition (5.13), namely, the uniform boundedness of T;g, j € Z, with respect the

Campanato norm. To this end, let j € Z and let (z;,m) € ©,,. We need to estimate 0]~ (+1/4) (Tj9,0)g

using ||g||cs, .(©). We first prove the case where m < j. Assume momentarily there exists 17 € Opn,—; with
q,

J > 0, independent of g, j, m and 6 such that
wir1(Tig — g, 9)q/ < w1 (gan)q/- (5.15)
We then get
2m(5+1/‘1 )lerl (Tjg, 9) 7

< 2Dy (Tig — 9.0) , + 27 Dwia (9,6) .

< 02(7717J)(s+1/q/)wprl (g, 17) ot 2m(s+1/q/)wl+1 (g, 9) v

< dlglle:, o)

Thus, to complete the proof of the first case one should prove (5.15). Consider the set I'y := {6’ € ©, : ' N #
(0} and then the set I') := {6 € ©; : 0" N’ # () for some §' € I',}. By the properties of ellipsoid covers, there
exists 77 € O,,— 7, for J(p(©)) > 0, such that §” C n, for each 8" € I';]. Consequently, by Theorem 3.2 (ii) and
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5.2)

q/ ’
W41 (g - Tjga 9)(1/ < C||g - Tng%q/(e)
< 029/6% llg — Tngqu/((-)/)

’
< 029”@;; wi+1(g,0")g

’

< w4 (9, 77)3/-

For the 7 < m case, we apply a telescopic sum argument

m—1
wi1(L59,0),, < > wir (Te = Tisr)g.0) g T w1 (Tng, 0)q -
k=j

Assume momentarily that for o := ag(l +1) —s > 0
om(s+1/a) o (Tx — Ties1)g, 9)q/ < CQ(k*m)aHgHC;/,l(@)- (5.16)
Then
2t (Tig,6)

< sz:—Jl 2711(s+1/q/)wlJrl ((Tk — Trs1)g, 9) y + 2m(5+1/‘1/)wl+1(ng, Q)q/

—1 _
<c (Z;cn:j 2 m)a) llglle:, @) +cllglle:, @) < clglles, (o)-

To prove (5.16), we use the “Two Level Split’ representation at the level & (see (3.13)) over

(Tk _Tk+1)g’9 = Z a’l/Fu-
VEM, n,NOFAD

From (A.4) in [6] for 0 € ©,,, F,, € Fx, k < m, such that 15, N § # () one has

wier (Fy 6)7 < c(16]/|n[)2oe0+ Dm0 || F |2

< CQ(k*m)(l/q/Jraﬁ(lJrl))q/||F ||q/
= vilg -

Let Qg := Uy, co, 1 ,m,no£07v- Since k < m, only a bounded number of ellipsoids 7, at the level k + 1 intersect
6. This together with Theorem 3.3 yield

’

w1 ((Tk — Tkt1)9, 9) Z/ < CZueMk, o020 W1 (CLUFV, 9)2/

< catt-m(Vaastsn)a s I Al

< cpb=m) (/a' +ast40) ' ||y, Tr )9l 70 (-

As before, there exists a constant J(p(©)) > 0 and an ellipsoid ' € ©,_ ; that contains all the ellipsoids from
levels k, k 4 1, that intersect with €g. Therefore, by Theorem 3.2

(T = Tig1)9ll Lo ) < IThg = 9ll Lo () + 119 = Thra9ll Lo ()

< cwi1(9,1)gr-

Copyright line will be provided by the publisher



mn header will be provided by the publisher 13

We may now conclude (5.16) by
2m(s+1/q/)wl+l ((Tk — Thi1)g, 9)(1/ < 02m(s+1/q/)2(k7m)(I/Q/Jras(lJrl))lerl(g, )y
< Cz(k*m)(*sﬂs(lﬂ))Q(k*J)(SJrl/q/)le(g, )y
< CQ(k*m)a||g||c;/,l((~))-

O

Lemma 5.7 Let (p, q,l’) be an admissible triple, where 0 < p < 1 < q. Then, for any g € C;//;lofl(@) and
any (p, q,U')-atom a

/o

Proof. For a (p, ¢, 1")-atom a associated with an ellipsoid #, we have

J(g—P)a

QMMW%> (5.17)

|[ ga| = infpen,,

’

] N 1/a
< (tpen, Jylg = PI7) " lall,

AL/
< (inPenl/ f,lg— Pl ) |6|1/a=1/P < C||g||cl//;l771(@).

We can now apply the approximation arguments to conclude

Corollary 5.8 Let (p, q,1) be an admissible triple, where 0 < p < 1 < q. Then, for any g € C;,/flofl(@),

feMi f=>, ia; where >, |\i|P < oo, and a; are (p, q,!')-atoms, I > 1 + % — 1, then

/MZZM/W. (5.18)

Proof. The admissibility of the triplet (p, g, [) implies by (4.2) that ag(I4+1) > 1/p— 1. Therefore, the conditions
of Lemma 5.6 are fulfilled and {T,,,g} is a sequence of C'* functions which satisfies (5.13) and (5.14). We claim

that it is sufficient to prove (5.18) for g € C;//];Fl (©) N C*°. Indeed, if (5.18) holds for the sequence {71}, g}, we

proceed as follows to obtain (5.18) for g. Observe that (5.13) and (5.17) provide a uniform bound for all ¢, m

’/aing’ < C||g||ci//)ll7*1(@)'

An additional uniform bound for all m is
. . |p\1/
Sl ains| < clslege 10 (3 N0

Thus, we may invoke (5.14), (5.18) for the sequence {7}, g} and then Lebesgue’s Dominated Convergence theo-
rem applied to the counting measure on N to obtain

/fg: lim /meg: lim Z)\i/aing:Z)\i/gai.
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Next, applying Lemma 5.5 and using the assumption that the atomic representation is of degree I’ > [ +

M 1, we can repeat the preceding argument and further assume that g € C 1/ f/ 1(@) N S. Finally,

Lemma 5.3 proves that for g € S and f € HP(©), (5.18) holds. O

As we already discussed, a linear functional that is uniformly bounded on atoms, may not be bounded on the
Hardy space [2]. Yet, if the functional is a priori known to be bounded, then its norm may be determined from
the bound on atoms.

Lemma 5.9 Let F be a linear continuous functional on H';,z(@)’ where (p, q,1) is an admissible triple. Then
1E sz opye = SupAIE S| = 1Lz oy < 1} = supd{|Fal : ais @ (p,4,1) — atom}.

Proof. By definition 4.5, for every (p, ¢, )-atom a, we have ||a|| 7 (o) < 1. Thus,

sup{|Fal:aisa(p,q,l) —atom} < sup{|Ff|: ||f||H§,z(9) <1}

In the other direction, consider f € HP(©) such that || f[|z» () < 1. Then, for every ¢ > 0, there exists an

atomic representation f = >, \;a;, in the sense of H} (©),such that (3, |)\i|p)1/p < 14 e. Since F is a
bounded linear functional, F'f = 3" ; A\il'a; and therefore

[FF < 225 il [ Fail

< (3, [Xl?)7 supf| Fal  ais a (p, q,1) — atom}
< (14 ¢)sup{|Fal:aisa(p,q,l) — atom}.
O

We are now ready to prove our main result.
Proof of Theorem 5.2. We begin with (Hp(@))* C C;//ffl(@), where (p, ¢, 1) are an admissible triplet and

¢’ is the conjugate index of g. To this end we prove that for any linear functional F, € (H p (@)) *, there exists
g€ Lé‘?c (R™) such that for any f € HP(O)

Fif=[fo and gl e < cliFl o

We prove the case 0 < p < 1 < ¢ < oo (see [1] for more details and the case ¢ = o). For any 6 € O, let
LY (0) :={f € Ly (0) : Tp,qf = 0}, where Tp , is the polynomial approximation operator of degree I. Here, we

assume f vanishes outside of # and therefore one can identify its normalized version, |9|1/ a-1/p IIf H;l f as an

p, q,1)-atom, with H? , (©)-norm < 1. Consequently, since F, is assumed to be a priori a bounded operator, for
.l q y. g9 p p
all f € LY (6)

Fof| < 1l e - 161777 111 (5.19)

(©))*

Recall that there exists J (p (0©)) > 0, such that 6 (x,t) C 6 (x,t — J), for any x € R™, ¢ € R. By (5.19), for
any m > Oand f € LY (6 (0, —Jm)), we have that

Eyf1 < 1 Eul oo

» oy 100, =Im)PTH 5]

By the Hahn-Banach Theorem, F, can be extended to the space L (6 (0, —Jm)) without increasing its norm.
By duality, there exists a unique function g,, € Lg (6 (0, —Jm)) (up to a set of measure zero and a poly-
nomial of degree [), such that F,f = fe(o,me) gmf forall f e LY (6(0,—Jm)). It is readily seen that
that g,,41| 0(0,—Jm) = Im and consequently one may identify the action of the functional F, with a function
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loc n : _ :
g € Ly° (R™), by setting g (z) = gm (x), if ¥ € 0 (0, —Jm). By (5.19), for any € ©, the norm of g as a
functional on L (6), satisfies

9|1/P*1/q )

HgHLg(e)* < HFgH(H;Z(@))*
Since L) (0)" = Ly (6)/11;, we have that l9llro(gy = infrem, [lg = Pll;_,4)- We may now conclude that

(1/p—1+1/q")

HQHCI//TI(@) = supgeo 0| wit1 (9, 9)(1/
q,

|9|1/qfl/p~

< csupycg ( infper, [|g — PHLq/(e))

< CHFgH(Hp(@))* .

We now prove the second direction. Let g € C;/fﬁl(@) and denote Fyf := [ fg, Vf € M]. Let f =

>, Aia; be an atomic decomposition, such that a, are (p,q,1’) atoms, I > [+ % —land (3, |)\i|p)1/p <
2| f1l g ,(e)- Corollary 5.8 and then Lemma 5.7 yield

|Fofl =132 MiFgail <52, [Nil[Fyail

< gl o (S 1) 7
q,
< cllgllerr-r o 17112 0

< cllgllersr-r oy 1l
q,

Next, using the density of M/ in H?(©), we extend F); (uniquely) to a bounded functional on H?(©). But since
by Lemma 5.9 the norm of a bounded functional is determined by its action on atoms, we have that |Fy, f| <

cllgllerse o 1 fllsce. forall f € HP(O)
’ O

Remark It is not known yet if the proof of the continuous embedding /7" (©) C (H*(©)) ", can be simplified

q'!
by defining the functional F,, g € C;{ ]lo 71(@), on finite sums of atoms and then using a density argument. This

is because, in general, one cannot bound the [/, norm of the coefficients of a finite sum of atoms by its atomic
Hardy norm, since the atomic Hardy norm is possibly achieved using the infimum over infinite sums (of other
atoms) [1]. However, in some special cases this is known to be true [13].
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