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Analysis of deep learning models: an 
approximation theoretical perspective



Our goal is to provide a holistic mathematical 
foundation for AI (classical ML and DL) through: 

Function space theory, Approximation Theory, 
Geometric Harmonic Analysis 



ML vs. DL

● When do we want to use classic ML vs. DL for classification?

● Is there ‘geometry’ in the feature space?
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ML vs. DL
● Good separability in input feature space → ML
● All successful Machine Learning algorithms look for 

this geometry:
○ Support Vector Machines, Random Forest, Gradient Boosting, 

etc.

● If not, can we transform to a better feature space 
through feature engineering/deep learning (CNN, 
Resnets, Transformers etc)?

[1] UMAP of trained ConvNet on MNIST Dataset - Ben-Shaul, I. and Dekel, S., “Sparsity-Probe: Analysis tool for Deep Learning Models”, <i>arXiv e-prints</i>, 2021.

[2] F. Chollet, Deep Learning with Python, Manning, Nov. 2017.
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Deep Learning: smoothness 
analysis across layers 

* I. Ben-Shaul, S. Dekel and O. Elisha, Sparse Besov space analysis of deep learning representation layers in high dimensions, 

Pure and Applied Functional Analysis, to appear.



● Assume we have a dataset of 𝑛0 × 𝑛0 grayscale images.

● We concatenate the pixel values to vectors of size 𝑛0

● We normalize the pixels values to 0,1

● Each image is associated with one of  𝐿 class labels.

● We map each label to its one-hot-encoding in ℝ𝐿

● Thus, each image is now a sample of a function

𝑓0: 0,1
𝑛0 → ℝ𝐿

Function space representation

In general 𝑓0 will look like 
spaghetti...no separability!
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Function space representation: inner layers

● For each 𝑘-th inner layer we do something similar (during or after the 
training).

● We pass each image through the network until the 𝑘-th layer.

● We concatenate the features of the image into a vector of size 𝑛𝑘 .

● The feature values are normalized to 0,1 .

● This implies we now have samples of a function

𝑓𝑘: 0,1
𝑛𝑘 → ℝ𝐿
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• Assume we have samples of a function
• Construct a piecewise constant approximation using a 

Random Forest.
• Create a Wavelet decomposition of the Random Forest.
• Numeric algorithm to estimate minimal      for which

• The weak type smoothness of the function is estimated as  

12

A modern recipe from the old Approximation 
Theory cook-book 
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CIFAR10 / VGG: added value of added VGG layers?

Computed 

on testing 

data

Computed 

on training 

data

Max pooling



MNIST-1D/ ConvNet: geometry of the training process

#Epochs



MNIST-1D/ ConvNet: HyperParameter tuning
BatchSize Activation Function

BatchNorm

512
128
64

Step
Sigmoid
GELU
Leaky ReLU 0.01
ReLU

Without
First 2 Layers
First 4 Layers
First 6 Layers
Full



Phase Retrieval: problem formulation

• 𝑥 ∈ ℝ𝑛×𝑛 ,  where ℱ 𝑥 = ω 𝑒−𝑖𝜑, ω magnitude and 𝜑 phase of 
Fourier transform

• PR is an ill-posed inverse problem: recover 𝑥 from ω

ℱ

ω𝑥



Unraveling bad architectural choices: Phase Retrieval example

Convolutional Model
Fully Connected Model

MNIST dataset : classification from Fourier magnitude data  



Approximation theory of deep 
learning

* I. Ben-Shaul, S. Dekel and O. Elisha, Sparse Besov space analysis of deep learning representation layers in high dimensions, 

Pure and Applied Functional Analysis, to appear.



Theoretical Deep Learning

Data Model 
Architecture Optimization

We want Characterization:

Statistical 
Dynamics

Information 
Theory

Approximation 
Theory

Interpretability 
Methods

Approx. Rate - Approximation error 
with 𝑁 added layers 𝑓 − 𝑓𝑁

Smoothness – Function weak type 
smoothness of layer representations 

of 𝑓

rate  smoothness

rate → smoothness











Characterization of Decision tree approximation 

● are tree-based wavelet approximations with         wavelets. 

● Suitable for high dimensions 

● Approximation spaces characterization? Complex, but exists!

N N

• S. Dekel and D. Leviatan, Adaptive multivariate approximation using binary space partitions and geometric 

wavelets, SIAM Journal on Numerical Analysis 43 (2005), 707-732



Characterization of deep learning approximation? 

● can be networks with width          (can be comparable to input 
dimension           )  and number of layers       .

● We could assume nonlinearity is ReLU.

● Approximation spaces characterization? Very tricky! 

N

N

W

W n

* R. Gribonval, G. kutyniok, M. Nielsen and F. Voigtlaender, Approximation spaces of deep 

neural networks, Constructive Approximation 55 (2022), 259-367



Smoothness of input function → Approximation rate?



Smoothness of input function → Approximation rate?

/ 10000.1, 1,000, 1 10n rn r  −= = =  =



Approximation of smooth functions without a ‘curse’

*I. Ben-Shaul, T. Galanti. S. Dekel, Exploring the approximation capabilities of multiplicative 

neural networks for smooth functions, TMLR (2023). 



The “Sawtooth” realization
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Approximation rate →Smoothness of input function?

(assignment III)



Approximation rate →Smoothness of input function?
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Back to smoothness analysis of layers



Simple geometry of clusters in 
inner layers : Nearest Class 

Center Simplification

[1] V. Papyan, X. Han, & D. Donoho, Prevalence of neural collapse during the terminal phase of deep learning training. Proceedings 

of the National Academy of Sciences of the United States of America, 117 (2022), 24652 - 24663.

[2] I. Ben-Shaul & S. Dekel,Nearest Class-Center Simplification through Intermediate Layers, PMLR 196 (2022).



Setup

ℎ = 𝑙(𝑘−1) ∘ ⋯ ∘ 𝑙(1): ℝ𝑛0 → ℝ𝑛𝑘−1

𝑔 = 𝑙(𝑘) ∘ ⋯ ∘ 𝑙(1): ℝ𝑛0 → ℝ𝐿

𝑙(𝑘): ℝ𝑛𝑘−1 → ℝ𝐿

● Let 𝑔(𝑗) ⋅ be the output of the 𝑗th layer

● Classification Prediction for input 𝑥:   arg max
1≤ ǁ𝑐≤𝐶

𝑊 ǁ𝑐 , ℎ 𝑥 + 𝑏 ǁ𝑐

Last Layer 
Activations



Let  𝑥𝑖 , 𝑦𝑖 𝑖∈𝐼 be a training set.  The train class-means for a class 1 ≤ 𝑐 ≤ 𝐿, at 

layer 𝑗

𝜇𝑐
𝑗

≔ Avg
𝑖∈ℐTrain,𝑦𝑖=𝑐

𝑔𝑖
𝑗

Train within-class covariance at layer 𝑗 – mean of class covariance estimations 

(of Normal distributions)

෍
𝑊

𝑗

≔
1

𝐼
෍

𝑐=1

𝐿

Avg
𝑖∈𝐼Train,𝑦𝑖=𝑐

𝑔𝑖
𝑗
− 𝜇𝑐

𝑗
𝑔𝑖

𝑗
− 𝜇𝑐

𝑗
⊤

Nearest Class Center Simplification



)NC1( Variability Collapse at last layer with training : σ𝑊
(𝑘−1)

→0

(NC4) Simplification to Nearest Class Center (NCC):  Let  

𝑆 ≔ 𝑖 ∈ 𝐼Train arg max
1≤ ǁ𝑐≤𝐿

𝑔 𝑥𝑖 ǁ𝑐 ≠ arg min
1≤ ǁ𝑐≤𝐿

𝑔 𝑘−1 𝑥𝑖 − 𝜇 ǁ𝑐
𝑘−1

2

then 𝑆 → 0, where 𝑋 is the number of elements in finite set 𝑋.  

Neural Collapse phenomena

Simplex 

Linear Classifiers

Class Means



NCC Mismatch in intermediate layers:

ΛTrain
𝑗

≔
1

NTrain
arg max

1≤ ǁ𝑐≤𝐶
𝑔 𝑥𝑖 ǁ𝑐 ≠ arg min

1≤ ǁ𝑐≤𝐿
𝑔 𝑗 𝑥𝑖 − 𝜇 ǁ𝑐

𝑗

2
𝑖 ∈ ℐTrain

ΛTest
𝑗

≔
1

NTest
arg max

1≤ ǁ𝑐≤𝐶
𝑔 𝑥𝑖 ǁ𝑐 ≠ arg min

1≤ ǁ𝑐≤𝐿
𝑔 𝑗 𝑥𝑖 − 𝜇 ǁ𝑐

𝑗

2
𝑖 ∈ ℐTest

Nearest Class Center Simplification in inner layers



Nearest Class Center in Intermediate Layers

Vision Text

Datasets MNIST, Fashion MNIST, 
CIFAR10, CIFAR100, STL10

GLUE benchmark: CoLA, RTE, 
MRPC, SST-2

Architectures ResNet(18 or 50) BERT(Uncased) - pretrained

Intermediate Layers ResNet Blocks Attention Blocks

Epochs 350 10



Layer Ordering: ΛTrain
𝑗

≥ ΛTrain
𝑗+1

and ΛTest
𝑗

≥ ΛTest
𝑗+1

NCC Improvement beyond IT:   ΛTrain,IT
𝑗

≥ ΛTrain,EOT
𝑗

and         ΛTest,IT
𝑗

≥ ΛTest,EOT
𝑗

ΛTrain
𝑗

ΛTest
𝑗

Nearest Class Center Simplification in inner layers



NCC with Stochastic Variability-Simplification Loss (SVSL)

Can we encourage clustering in Intermediate Layers?

Stochastic Train class-means:  for layer 𝑙 𝑗 , batch ℬ and class 𝑐

𝜇𝑐,ℬ
𝑗
≔ Avg

𝑖∈ℬ,𝑦𝑖=𝑐
𝑔𝑖

𝑗

Stochastic Variability-Simplification Loss (SVSL): Let 𝑔 be a deepnet, 𝑥𝑖 , 𝑦𝑖 , 𝑖
∈ ℐTrain, 𝑦𝑖 = 𝑐. We also let 𝛾 ∈ ℕ, 1 ≤ 𝛾 < 𝑘. For batch ℬ such that 𝑥𝑖 , 𝑦𝑖 ∈ ℬ, we 
define the SVSL as an additional loss function:

𝑆𝑉𝑆𝐿 𝑖 ≔෍

𝑗=𝛾

𝑘

𝛼𝑗 𝑔𝑖
𝑗
𝑥𝑖 − 𝜇𝑐,ℬ

𝑗

2

2



NCC with Stochastic Variability-Simplification Loss (SVSL)

Epoch

STL10 Train



≤

NCC with Stochastic Variability-Simplification Loss (SVSL)

≤
≤≤
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