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Banach Spaces

Definition Banach space is a complete normed vector space B over a field F ={R,C},

Vector space: 40 B, Vf,geB, a.fecF > af+pgeB.
Complete: Every Cauchy sequence in B converges to an element of B.

Norm:
i. f=0=|f]>0
i Jasl=lellsl, vaer,

iii.  Triangle inequality || f+ g" < || f ||+||g||

Measure

In this course we shall mostly use the standard Lebesgue measure — the volume of a (measurable) set.
Examples: Q=[0,2] cR", u(Q)=|0]=2".

We will need the notion of zero measure (volume). Example: a set of discrete points.



Lp Spaces

Q c R" domain. Examples: Q) = [a,b] cR, Q= [0,1]” cR",Q=R".
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esssgp|f(x)| = sup{A >0: |{x:|f(x)| > AH >O}.

A>0

1 < p < Banach spaces
0 < p <1 Quasi-Banach spaces (quasi-triangle inequality holds)
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Theorem [Hélder] 1< p<w, felL, (Q),geL,(Q)
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Lemma Young’s inequality for products,
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Proof of lemma The logarithmic function is concave. Therefore

log(ia*" +Lfb*"' J = log(ia*" J{li}bﬁ ]
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1 1 :
> —1 ?)+—log(b”
> 5 og(a )+p’ og( )

=log(a)+log(b)=1log(ab).
Since the logarithmic function is increasing, we are done (or we take exp on both sides).

Proof of theorem If p = x
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The proof is similar for p =1. So, assume now 1< p <,




Integrating pointwise and applying Young’s inequality almost everywhere, gives
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Now assuming f,g =0 (else, we’re done)
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a<1= | |fel=<|/],l<l,

Schwartz inequality p =2

(7.2)

= |[. 72] < [ 1=l = 2, <171 el




The L, spaces not comparable on unbounded domains

Example We’lluse Q=R. Assume 0<g<p <o

Choose
(0 |x]<1
f(x):: 1 1-1
|x|1-"q |J‘| >
Wehave feL (R), feL, (R)
Now choose
f(;x) . x|1_.,..P |;x| <1
; 0 |x|>l

Wehave feL (R), feL,(R)



Theorem If || <0, 0<g< p, feL,(Q) then

1o =101 o)
Proof Define = p/g>1

||f||§ :,[Q|f|g :.[qu < U (|f| ) JIF(J )u

Holder
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Theorem Minkowski for Lp spaces 1< p<w, f,ge L ,

|7+, <171, +lel, -

Proof for 1< p <o ( p =1 is easier). W.Lg f,g>0. We apply Holder twice,
[(Frey=[r(fref +[e(fre)”

71, +lel, )] +2)°)
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Theorem For 0 < p <1, we have

0 |Z4 <A
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(ii) f+g |p < VPl (" f ||p +|| g”p) or in general

N
<N |A]
Sl
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Proof The quasi-triangle inequality (ii) is derived from (i), by using 1< p~ <0,

N N Vp N Vp Ny 1 (-pVp N N
< P = 1- P < 11—P [ J _ Nl.-"'p—l
7 DM ETA'd NP D o1 I D> AN RS o

_\,_a'
N



To prove (1), we need the following lemma
Lemma I For 0 < p <1 and any sequence of non-negative a = {ak} ,

AV4
[Z a, J < Z a;
k _ k
Proof We first prove (a, +a, )’ < af +a? and then apply induction.

To prove the inequality use /(r):=* +1—(z+1)" . #(0)=0 and /'(1)= pt*” —p(z‘+1)p—1 > (. Therefore,
h(t)>0, for t>0. This gives #”+1>(¢+1)". Setting = a,/ a, gives

NP NP
a da
( 1] +1>( 1+1} = a’+a’>(a+a,) .

a, a,

Proof of Theorem (ib: Simply apply the lemma pointwise for x € Q

=
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Definition The space /, (Z), 0< p<oo, is the space of sequences a={a, | .. » for which the norm is finite

-

1p
al’| ., 0O<p<oo,
S|
k _

sup|a,|, p =,
k

Lemma Il /, c/, for p <gq. Thatis, for any sequence a = {a,}

lal, <4, -
'q v

Proof Case of g =, forany jeZ,

Vp
B p 1/p - » B
|af|_ |af| = Zl“ﬂc| —”a"; '
3 _ £

Therefore,

= supla,|<a, .
fal,. = supla, |<a],

For g <« , we have

l/q
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Hilbert spaces and L, (Q)

Def Hilbert space H : Complete metric vector space induced by an inner product (,) HxH—C.

Properties of the inner product:
1.  symmetric <f,g):<g,f) ,
ii. linear (af, + Bf,.g)=a{f.g)+B{f.2) -
iii.  Positive definite {/, />0 ,with {/, f}=0< /=0 .

The natural norm || f ||H = ( f.f )1""'2 satisfies
(1) Cauchy-Schwartz

(7 2) <171, el
(1) Triangle inequality

17+ &l =11 +2Re (7, g) + el <A1+ 20/ Ml + el = (1/1+ Il

So, a Hilbert space is a Banach space.
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Multivariate algebraic polynomials

We define 11| (R”) : polynomials of degree » —1.

Leta'z(a' EZL

Monomial x* := | |xf* , X

i=1

Polynomial P €11

a'| Za'



Spaces of smooth functions

Multivariate derivatives: A partial derivative of order r

af 7
a:(al,...,a”)EZj, D f— la:)La,”, Q’|:: OL'I-:?‘.

1 o n i=1

Definition C’ (Q) : The space of all continuously differentiable functions of order » in the classical sense.

D 120

af<?

D f

The semi-norm

D*f

|f|c*"(Q:] = |Z |

Q’|=F'

1s a semi-norm with the polynomials

w

Examples € (R) Then |/l o, = "), isanomn 7] . <"

of degree r—1 as a null-space




Sobolev spaces

Definition We define the space of test-functions C; (Q) - continuously r -differentiable with compact support
in Q.

Definition Sobolev spaces 7, (Q), 1< p<x

DefI For 1< p <, completion of C; (Q) with respect to the norm > |6° f ) For p =, we take

|ee<r 4

W (Q)=C (Q).

o &}

DefIl Let f e L, (Q). Now for @ e Z7,
it is a function and for all ¢ € C; (Q)

a’| <r, g:=0"f is the distributional (generalized) derivative of f if

.[Qg‘;ﬁ - (_1)|""| Jgf50¢ '

The Sobolev norm and semi-norm. We require that the distributional derivatives exist as functions(!) in
L,(Q) and

r

o f & f

"f"n»—;m] =2

|e|<r

|LP(Q:] <% |f|W"(Q] = Z

L(Q)
ra |Q’|=F' p[ ]

Theorem 77, () is a Banach space



Modulus of smoothness

Def The difference operator A, . For he R" we define A, (f,x)= f(x+h)— f(x). For general 7 21 we
define

()= 8,8, (1) =30 e i)

k=0
r

Remarks
1. For QcR", we modify to A} (f,x):= A} (f,x,Q), where A, (f,x)=0, in the case[x,x+rh|z Q. So

for Q=[a,b], A, (f,x)=0 on [b—rh,b], for any function.

2. Asan operatoron L, (Q) , 1< p<oo, we have that | i <2".Assume Q=R", then

L,—L,

<[ sl =Z( i, 21,

Def The modulus of smoothness of order r of a function f e L, (Q), 0<p<ow, at the parameter 7> 0

o, (f.1),=sup|a; (f.0)]

|f?|£r

a5 (1),

L(Q)



Example non continuous function. Let Q= [-1,1]. f(x)= {

Let’s compute @, (f,r)L (-11)* O<t<l.For0<h<t

0

A;?(f,x): 1
0

=1.

For p = we get @, (f.7) ;

L([-11])

([-1.1)

For p 7o we get (1), ¢,y = wf”%f ”f-p([—lsln =7

Aﬁ(flx)::Aﬁ(Aﬁf}x):

We get o, ( f. f) (2f)

In general, we get o, ( f, z‘) (L) < C(r, p)t”

0 x<0
1 O0<x

—1<x<-h
—h<x<0
O<x<l1
0 —1<x<-2h
1 —2h<x<-h
-1 ~h<x<0
0 0<x<l



Quick jump ahead (Generalized Lipschitz / Besov smoothness) ... for a <1/7, r = LaJ +1,

|f sa =Supt o, (f,r)r <supt ‘o, (f,f)r <csupt'"* <.
£ >0 0<r<2 0<r<2
We then say that f has o (weak-type) smoothness. Observe that in this example @ can be arbitrarily large as
long as the integration takes place with 7 sufficiently small. f(t)
Machine learning perspective Let / be a ‘binary classification’ step function with M steps.

You will compute (assignment I) for 0 <o <1, | f

B, (2Mr)hr . 1 p—

- The feature space is “problematic’ for a simple ML model such as logistic regression. 1 2
- As a discontinuous function, ‘simpler’ smoothness function spaces do not contain it.

- Decision trees will find the clusters, so no need for DL.

- DL? For M =2/, the function can be realized/learnt by a neural network with ~ j blocks,

- Each block has 4 neurons/features (2 layers with 2 neurons each)

- After the k-th block the function f, has P ‘steps’ with | /s o~ k)
: : ~ L 0 x<0 , '
- We can realize that the last representation layer as f ()= {1 o s0 it can be easily consumed by a
x>

logistic model.



Properties

1. (0},(f,l‘)p <" "f";p(q]’ l<p<w.

2. @,(f.t), is non-decreasing in ¢
3. For 1< p <o the sub-linearity property
r ?4.

8, (F + &)= |+ g) (x+ k)

r ?;-l .

> ;(:J(l)r_ﬁc g(x+kh)

=0

_|_

IA
B
ﬁ-‘""‘

(—1)HIC f(x+kh)

gives




4. For N>1, o,(f, Nz‘)p <No/f, r)p, 1< p <o . We prove this using the property (assignment)

N-1 N-1
Ay (fox)=D D A (fox+kh+-+kh).
k=0 k=0

Let’s see the case r =1,
A_,w?(f,x):f(x+Nh)—f(x)
:f(x+Nh)—f(x+(N—l)lz)+f(x+(N—l)lz)—---+f(x+k)—f(x)

N-1
= > A, (f,x+kh)
k=0

Then, for any 7c R", |iz| <t

IA;;? (f,-)"p < N_l---Nf”A; (f,-+Jcliz+---+k,,h)||p
k=0 k=0
N-1 N-1
=YX =N (),
k=0 k=0

Taking supremum over all 2 R",

h|<t, gives o, (f,Nz‘)p <N'o, (f,z‘)p. It is easy to see that for 0< p <1,
the same proof yields o, ( f ,Nz‘)p <N"“?o,(f ,z‘)p.



5. From (4) we get for 1< p<w,
o, (f.21), <(A+1) o, (f.1),, A>0

proof @, (f,;{t)p < (o,,(f,L/'lJrlJz‘)p < (L/’L+1J)r- o, (f,z‘)p < (ﬂ,+1)r o, (f,z‘)P.
Theorem [connection between Sobolev and modulus] For g e, (Q), 1< p <o, we have that
m?‘(g’t)r_pm) SC(r,n)f'|g|ﬁig.{Qj, Yt>0.

Proof for Q= R. Recall the B-Splines, N, =1 .1In general, N, .= N,  *N, = L N, (x—=t)N,(t)dr.

[o.]

0.6
0.5

0.2
0.1




e Properties:
Order r

Support [O,r]
Piecewise polynomial of degree » —1 with breakpoints (knots) at the integers
Smoothness » — 2, thus in Sobolev W;_l.

n

C

c O

Tensor-product in multivariate case N, (x):=N, (x,)x---x N, (x,) , where N, is the univariate B-

@

spline.
o [N, (x)dx=1

Here, we use the fact that for e R",

A, (f,x)| = |A; (f,x- rh)|. So, w.L.g., for any 7> 0, we can work with
0<h<t.Define N, (x,h)=h"N, (h‘lx), h>0.Let geC'(R). Then

WA, (g.x)=h" (g(x+h)-g(x))

= h J g'(u)du

X

- L;- g'(x+u)N, (u,h)du



We claim that for g € C" (R)
A (gox) = [ g (x tu) N, () du

To see this, we apply induction

WA (g,x)=h ' F1](AH (g,x+k)—A;_l(g,x))
—]1_1(.[ g' ] (x+h+u)N,_ (u,h) dH—J g _](A—I-H) F._l(u,f‘z)du)

x+h =

.[ .[g % +u 14 k)dud*l

:xN u h w?g v+u)dv |du
_ )d



=

—o

&

—o

x+h
[NV, (w.lr) | B J g[r:(erﬂ)a’v]dﬂ

. N _, (u_,h) j gm (v+u)N1 (V—xﬁh)dv]du

—3

X

V+li=Xx+Y

=

—o

X

—0

= JN,,_I (u,h) [T g (x+y)N, (y—u,h)dy}du
: g (x+y) [T N (u,h)N,(y—u.h)du ]dy

.. gm (x + y) N, (y, h)dy



Now, let’s see the proof for p =1. Assume g e (R)NC"(R).Let 0<h <t

h g’ |d)‘<h .[ .[]R

.l-I-N “N u, i‘z |dudx

<h -[]F u h |du (1 +u)|d1
<[ o
<t |g|ﬁ’;‘(]&]'

For general 1< p <o we need Minkowski’s inequality (assignment). It says that for measurable non-negative
functions ¢:B >R, p: AxB —>R

(1,0 nte)f ] < Lol [, ooy )"

Or written differently (as an integral generalization of the ‘discrete’ Minkowski inequality)

<Zlp. 0,

e, Lot @ <[Ta




Using it we have for g e W, (R)NC" (R)

L|A; (g,x)|p dx < hp":}:(:}:|g(r:] (x+ u.)“N,, (u,h)| du)p dx

: NP
<h” .L: N, (u.,h)| g (-+u) . duj

<h” .L;- N, (H,h)| g

Corollary Forany P eIl (R), P(x) ax",

hAL(Px) = TP“‘) (x+u)N, (u,h)du=0= A} (P,x)=0= o, (P,t) =0



Marchaud inequalities

We know that forany 1<k <r,l<p=<ow,

AL (£ = sup

P |.f:r|Sr

NS, = 2"""%}513

A}:(f)H =2 0. (f.1) .

D ra

o, (f_,r)p = sup

|h|£r

The direct inverse cannot be true. If we take Q = [a,b] and a polynomial PeIl  ,then o, (P,r)p =0, but we

don’t necessarily have ruk(P,r)p =0 for 0<k<r.

Theorem. Forany 1<k<r,l1<p=<w,

)

@ (f.
On Q=R, rgk(f,r)pi:cr”j #ds, t>0.
! S

On Q= [a}b] , ruk(f_,r)p <ct” r—a (9"(f’3)p ds 4+

t Pl (5 _ a)*c r




Lip spaces

Def For a domain Q c R" and 0 <« <1, we shall say that f € Lip(a) = Lip(a, =), if there exists M >0,
such that |f(x)— f(y)| < M|x-y|", forall x,ye Q. We shall denote |f|I_:p(a’] by the infimum over all M

satisfying the condition. Observe that we can replace the condition by

A, (fox)| < M|H[", VheR" =
o (f.1), <M®, ¥t>0=

t o, (f.1) <M, Vt>0.
For 1< p <o, we define

|f|@{a:p) = s:g) o, (f,r)P .



Example For f(x)=x", 0<a <1, felip(a), feLip(B)., B>a .
Proof
(i) Assume f € Lip(p), f>a.Thenfor 0 <x <1,

X —0"=x"<M(x- O)’G — Mx” = x“# < M = contradiction
(i1) We use the inequality (a +b)a <a”“+b” . Assume w.l.g x>y ,weset a=y,b=x—y and obtain

xaéyaJr(x—y)azxa—y <(x-y) |f|

Lipla

However, forany 0 <a <1, f(x)=x"€ Lip(L1), because

It

0

(x)|dx=1= f'e L, = f e ([0.1])

= o,(f.1), <t|f|, =t V>0

— |f|pr|:1=1'] =supr o, (f.1), =1
: =0

Generalized Lip are a special case of Besov spaces. Forany o >0, let r:= LaJ +1,

|f3§; =supt c:)(f f) .

=0




Approximation using uniform piecewise constants (numerical integration)

The B-Spline of order one (degree zero, smoothness -1) N, (x) = 1[o=1] (x).
Let Q=R or Q= [a,b] . We approximate from the space

S(N) {Eck (- fc)}—{;ckl[mw(x)}.

Theorem For feW,(R),1<p<wm,
E(f,S(Nl )h )r_ () = H[l{ v "f_ g”Jr_p(}:;] < h|f|W;(}2] ’

p) &

Proof First assume f € C'(R)NW,(R). Let’s take the interval [icfz,(fc +1) h]. Then, for p =

f’(u)|.

So, select ¢, := f (kh) and you get the theorem for p =o.For 1< p <o we do something similar

<h max
kh<u<(k+1)h

| fcfz I f u du

(k+1)h

|f(x)—f(kh)|p£{ I |f 'H |dﬂ] , JCE[kh,(k+1)h].

Fh



Then

(k+1)h (k+1)h NP
.[ |f (kh)|pdx£h I |f’(u)|du]
ih kh
1
: » 1+ﬁ=1+p(1——J
Hfm h( f L([F,(k+1)R]) ||1||Lpf(j[ﬁcﬁ;(k+1]h]]) ,Uf P
=l+p-1=
= hh"'" p[[m (k+1)n]) P P
=h" Lp[[}ch(kﬂ]ﬁ'?]] ’

Therefore, with g(x):=>" f(kh)N (iz X — k) we get

k

x Jc+1]m
”f_g"i :__[ |f(}‘ | dx = Z J |f kh | dx <Zh L ([km k+1]m]



Now assume f €W, (R), 1< p <. There exist sequences { .}, f, e C'(R)NW,(R), {g;}. g € S(Nl);?,
such that ||f fk” 1wy . 0 and ||fk gk” S h|fk| . This gives

|7 =&, <1/ =4l 15~ &,
AR AN I



Linear approximation of Lip functions
Why linear? There is a ‘near best’ (possibly up to a constant) linear realization of the approximation.
Theorem: Let f < Lip (a) . Approximation with uniform piecewise constants gives
Ev () ooy = i o <OV
Inverse Theorem: Assume E, (/) <MN “, N>1.Then, f € Lip(a).
Example £, (x“) ~N“, 0<a<l.

Non-linear approximation of Lip functions

N-1
{ c:j.l[rjw.J : TZ{:‘}}, 0=t <t <---<t, = 1} , ox(f), = igﬁf\_”f—g”p.

Jj=0 5%&]

This 1s the theoretical model of a univariate decision tree!




Var(f)=sup{ Z|f (1)1 (1)} -

If /' existsa.e., Var(f)_ I . Why?
jl (x)|dx = hmzh|f((k+1)h)f(kh)|
o0 P .

0

Let’s go back to the examples f(x)=x".In our case /| _I f'(x)dx=f(1)-f(0)=
Var (f)
N

J? j+1

Now, create a partition where Var[ .If a; is the median value in [ ] then

) ()<

Var .
| (x)-a,|< m[r“’;“](f)f: Va;j(\frf) Vxe|t,t, |




For f(x)=x“, 0<a <1, this gives a free knot spline g € X, with e e -
...»//
Var ( f 1
” f- g"x < ) < _ |
2N 2N
To obtain an equidistant partition of the range, we choose 1_.6,__// I
Vo
= (LJ : 0 o 072 04 0% 0%
) N

So, we see the advantage of nonlinear approximation for the family f(x)=x“, 0<a <1,

felip(a,»)=E,(f).~N“*, feLip(Ll)=>o,(f), ~N".




Besov Spaces

Leta>0,0<g.p<oo.Letr> LaJJrl. The Besov space B (Lp (Q)) is the collection of functions
feL, () for which

| J.r[raa) (f T) T% ) D<g<m
oL r > p t i 9 ”
supt o, (f,r)p, q = .

t=0

‘f‘gg[zp(g)'] =

1s finite. The norm 1s
HfHB;‘[LP[Q]] = Hf||ﬁp[£1] +‘f‘3;°(zp(g]] )

Why are we asking for the condition r > Laj +1? Otherwise, the space is ‘trivial’
Theorem (univariate case) For r <o, 1< p <o, we get that B’ (Lp (Q)) =II,_, if Q=[a.b| and
BY(L,(Q))={0} if a=R.

Theorem The space B (Lp (Q)) does not depend on the choice of » > LaJ +1 (application of the Marchaud
inequality).



Theorem For a bounded domain we can equivalently integrate the semi-norm on [0,1] . That is,
[ /g
Ir a dt
[L[r a:},(f,t)p} ?] , 0<g<om,
supt “o, (f,t)p X g = .

D<r=l

|f|B;‘[LP(Qj] -

Proof If Q3 is bounded, then we have @, ( f ,I)p = const for t > diam (Q) Therefore for 1/2<¢ <o,

2diam (Q)

@, (f,le)p <o, (f,t)p <, (f,diam(Q)) =, [f 5

r

] <(1+2diam(Q)) @,(f.1/2),.

o

This gives

d
r

T[r‘“m- (f J)p]

< C((o}, (f.1/2), )q ]ir“f""ldr
1

<C(a,(f.1/2),)

<C(a.q.0Q) jl. [r‘a(q, (f,r)p]q dt

f



Lemma For any domain taking the integral over [0,1] gives a quasi-norm equivalent to ||f].. (@)
g\

Proof We replace the integral over [1, oo] by
([ e it [ -aa-
J'[r @, (f,r)p]q75 C||inJ} waL
1 ] 1
=C(a.q)|/1,-

Therefore

Wl =111+ [0 (0, 4]




Theorem B}* (Lp) C B (Lp) if a, <a,.

Proof (g, =g,) We may use r, = La1J+1 > Laz J +1=r, to equivalently define B; : (Lp)

For 0<t <1, <t ™. So,

Mlez, =€ ||fp+[H @, (/1) }ﬂ }
<c||fp+m o (F1) Hfj }

<C \f||B;qup_]




Theorem W™ gB“(L ), Va<m,l<p<o,0<g<om,
e g o
Proof Let g W’ (Q). This implies g € L, (Q2). We have that 7 = |_aJ +1<m. It is sufficient to take the

integral over [0,1] :

1 1
060, #<cflrrie ] 4
0 4 0
<Clgf | jt“""‘”‘la’r
0
ECg;.




Discretization of the Besov semi-norm

Theorem One has the following equivalent form of the Besov semi-norm

w _ _ g l/g
) (;iQ cq,(f,Q )p] ] ., O<g<m.
sup2™ e, (f,Z_’%) i q = .
r
Proof Define ¢(t)=t"w, (f ,r)p . Then we claim that for 7 € [2"“ i 2_’%] , k€7 , we have

27p(27")<p(t)<279(27).
To see that, we use the following properties:

|f|3;[zp(n)']

1) o (f ,I)p is non-decreasing

(ii)For NeN, 1<p<w, o, (f,Nr)p <N, (f,r)p



The left-hand side
27p(27) =2, (.27 )p =27 (f.227 )p

<272 @, (f 2_’%_1) <2%w (1), <t"o,(f.1),
(i) 0
The right-hand side
o, (f,r)p <t“w, (f,Z_’%) < 2% g (f 2_’%) < 2“@(2_’%)
ES Iy 2
This givesus for O <g <o, keZ

-

[t oo) Loy Trmtrn) § et |

5=kl [



Discretization over cubes

Definition [Dyadic cubes] Let D:={D, :keZ}
D, ={Q0=2""[m.m +1]x x[m, .m, +1] :meZ"}.
Observe that Qe D, = |Q|=27"".

For nonlinear/adaptive/sparse approximation in L, (€2), Qc R”", it is useful to use the special cases of Besov

spaces

B* =B*(L,(Q)). ==+,

lo:l
T n p

Theorem QQ=R". We have the equivalence

e -(ZEa )] <[ gl e o) ]

k= g=D

v, (1.0), = sup

heR"

AL (f-9.)

‘Lr(m ’



The following theorem generalizes what we showed for the univariate case
Theorem Let f (x) = lﬁ(x) , Qc [0, 1]”, a domain with smooth boundary. Then f e B”, a <1/7.

Proof For Q) = [O, 1]” , with /(Q) denoting the level of the cube O, we may take the sum over & >0

fe~(Eeatr)) | | 3 (a7 aval)]

=0 QeD 1(Q)z0

For any Q, we have that o, (f,Q) =0,if 6Q0NQ =@ . Otherwise, if /(Q)=k,

0.(1.0), <], g <[] =

lr — C2—kT?.-"'I' )

Therefore,

I/\

3 (™ e r.0),)

(227 ) #{0:1(0) =k, ONoCy = B}

|\.f

IA

5
MH M s

C

C

2" 0:1(0) =k, 0N6Q = D]

il
L]



We argue that
#0:1(0) =k, 0N&Q =B} <c(Q) 2. (*)
This implies that if « <1/ 7

| f|;g P Ci pHar-n) k1) _ Ci pHar) _
k=0 k=0

Let’s get back to the estimate (*). Let use show a picture
argument for Qc [0, 1]2 . There is a finite number of

points where the gradient of the boundary of the domain
is aligned with one of the main axes. Between these
points, the boundary segments are monotone in x;

and x,, and therefore can only intersect at most 2x2*
dyadic cubes.




Approximation Spaces

Let ®:={D,} o> €ach @, is a set of functions in a (quasi) Banach space X', satistying:

N

() 0e®y, @;:={0},

(11) b,cd,.,,

(i) ad, =D,, Va=0,

(1v) D, +D,, c D, for some constant c(t‘IZ') \
v)  Uy®y=4X,

(vi)  Each f €X has a near best approximation from @, That is, there exists a constant C(®),

such that for any N, one has ¢,, € ®,;,

1 =oull, <CE()ys Eo(f)y = inf |f =0l



Examples for @,

Linear
- Trigonometric polynomials of degree <N, X' =1, ( [—fr, ﬂ']n) .
- Algebraic polynomials of degree <N, X =L [—1,1] :
- Uniform dyadic knot piecewise polynomials over pieces of length 27", of fixed order 7, X = L, [0, 1] :

- Shift invariant refinable spaces @,, == S(¢)2‘-" , S(¢)c S(gﬁ)y2 L X=1, (]R”) :
Nonlinear/Adaptive

- Rational functions of degree <N, X = L, [—1,1] \

- Free knot piecewise polynomials of fixed order 7 over N non-uniform intervals, X =7, [0;1] :

- N-term wavelets @, =X, :{ Z cry,ff}, X=L, (R”) :

#I=N



Def Approximation spaces for « >0, 0<g<o, feX,

One can show

‘f‘{g =9

‘f‘{g R

[i[N“EN(f)T ;] Ocgem

N=1
sup N“E,.( f). g=on.

Nzl

|7

‘{;" = HfHX +‘f‘{§ .

i
[2”"’"‘]52,” (f)]q] q , O0<g<om,
m=0

sup 2" Ey (f). g = .

m=0)

Goal: Fully characterize approximation spaces by smoothness spaces (iff)



Characterization of approximation spaces

1. Trigonometric polynomials

X=L, [—73', ﬁr] , 1< p<oo, @, trigonometric polynomials of degree N

Ay (LP)HB; (Lp)°
2. Dyadic univariate piecewise polynomials

X=1, [O, 1] , @, piecewise polynomials of degree 4 > 0, over uniform subdivision of 2" intervals.

Forl<p<ow,a<r-141/p,0<g<m,
4, (Lp)w By (Lp) '
3. Adaptive non-uniform univariate piecewise polynomials

A7 (L,)~ B2, %:a’+i.



The mathematical foundations of decision trees

For the theory of geometric approximation in higher dimensions we generalize to anisotropic partitions of trees

over [0,1]” (replacing dyadic cubes!)

f

Qe7

Iteration 1

Iteration 3

e~ Zleraa))]

Qe7

Iteration 2

Iteration 4
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