Distributions and Function Spaces

5.1. Test Functions and Distributions



DEFINITION 5.6. For a space (M, p, i), we shall denote by D the Test Func-
tions ¢ € L* such that ¢ € N,,>~1 D(L™) with topology induced by

Pini(¢) := sup (1 + p(x, z0))'|[L™ p(x)| < 00, V¥m,l > 0.
re M

Here, xg € M is selected arbitrarily and fixed once and for all. As in the case of
space of finite measure, it is convenient to have a directed family of norm

P;J(ﬁf’) = max Pr.s(9).

0<r<m,0<s<I

Assignment - Prove that D C LP, for any 0 < p < oc.




Observe that the set D and the topology induced by {P;, ;}, remain unchanged
if we choose a difterent base point 1 € M. Indeed, forany r < m, s <landx € M

(14 p(z,21))°|[L" ()| < (1 + p(x, o) + p(xo, 21))"|L" ()

<Z() 20, 21) (1 + pl,20))* 7| L7 ()

< Z( ) 0, 1) Py, 1 ()
71=0

< c(l, p(x0,21)) Py 1 (D).



EXAMPLE 5.7. let ¢ € S(R) be even. Then o(vVL)(z, ), o(V'L)(-,y) € D, for
any z,y € M,

PROOF. We prove that ¢(v/L)(x,:) € D, for any & € M. The other case is
similar. Let m,l > 0 and choose I = [ + d/2. Application of (2.38) gives that

L™p(vL) is a kernel operator with a kernel satisfying
L™ (VL) (2, y)| < e(m, ") Dy y(x,y) Yo,y e M.

Next, (1.30) along with the triangle inequality imply that with fixed x € M, for
any y € M

L™ o(VL)(z,y)| < ¢ (m,1)|B(x,1)| " (1 + p(z,y)) "
< ¢ (m, )| B(a, D)7 (1+ p(ao, ) (1 + p(xo,y)) "



Recall that by (1.54) for any fixed x € M and m > 1
L™ [p(VL)(x,-)] = [L™p(VL)](x, ).
We conclude that for any fixed x € M and m > 1
L™ [p(VI) (@, )](y)| € e(m, L a,z0)(1 + plao,y)) ™", Vy € M,
which implies o(v/L)(z,-) € D. ]

It is not so easy to see that also in the general case, the class D is composed
of ‘infinitely and continuously ‘differentiable’ functions
Theorem
Suppose o > 0 and let m > o0 +d and | > (d + «)/2. Then there exists a
constant ¢ > 0 such that for any ¢ € D

o(x) = d(y)| < Pmi(P)p(x,y)* (1 + pla,x0))~7, Va,y € M,p(z,y) < 1.



EXAMPLE 5.9. In the case M = R?, the class of test functions D derived from
the operator L = —A, is exactly the Schwartz class S(R?).

PROOF. Recall that S (Rd) consists of all functions ¢ € C*° ([Egd)? <uch that
1Plla,s = SUpP 2207 p(z)| < 00, Va,f € Z‘i.
TERC

At the same time, the class D is defined with the choice of basepoint zg = 0, as all
functions ¢ € C°°(R?), such that

Pimi(¢) == sup (1 + |z])'|A™¢(x)] < 00, V¥m,1>0.
zeRd



DEFINITION 5.4. We denote the space D’ of distributions, as the space of
all continuous linear functionals on D. The pairing of f € D' and ¢ € D, will
be denoted by (f,®) := f(¢). This is consistent with the inner product (f,g) =

fM fgdp in L2,

The kernel operators of Proposition 5.3(iv), are a prototypical example of kernel
operators T', where T'(x,-) € D, Vx € M. In such a case, the action of 7" on D’ can

be well defined using duality
(5.1) Tf(z):= f(T(z,"), VfeD"



Another important example of operators whose action can be extended to dis-
tributions are the projection operators Ey, A > 1, for the case |[M| < oo and
L?(M) separable. By Theorem 3.27, the spectrum o (L) is discrete and consists
of an increasing sequence 0 < Ay < Ao < ---. Denoting H; := Ker(\;1 — L),
then 1 < dim(H,) < oo, and L*(M) = @®,;H;. This implies that there exists an
orthonormal basis of (polynomial) eigenfunctions {P;;}, P;; € D, that allows to
define

dim(’Hj)

(52) E}xf L= : : <f, Pj};)Pj}g, \V(f - D’.

A<A I=1




PROPOSITION 5.10. A linear functional f belongs to D’ if and only if there
exist m,l > 1 and a constant ¢ > 0, such that

(5.6) F(P)| < cPrpi(0), Vo eD.

PrROOF. If (5.6) is satisfied, then obviously f is a bounded functional and thus
f € D'. In the other direction, assume f is a bounded linear functional on D. We
remind the reader of some aspects of the locally convex topology the semi-norms

{Ppm1} induce on D. This means that basic opens sets of 0 are determined by finite
subsets of semi-norms

UE}mI}’!l}"'}mk}’!k = {(b S D : pm?}f?(¢) < E.'f" ]' Evj § k}'



Since f is continuous, then there exists a neighborhood U of 0 such that if ¢ € U,
then [f(¢)] < 1. Let

0 e ngmlkllk"'}mk}’fk C U'f"

for some £ > 0 and subset of semi-norms {ij}gj };?:1. Denote m = max;<;<p mg,
| = maxj<;<k l and ¢ := 2¢ 1. For any 0 # ¢ € D, denote

P

€

~ 2P ()

qﬁ S UE?ml}ll}"'}mk}Ek *

Then,

f(0)l = 2e7 Pr 1 (9)1f ()
< 077;}5(&5).



PROPOSITION 5.11. Assume the non-collapsing condition (1.20). Let ¢ € S(R)
be even. Then, for any f € D', § > 0, L,O((S\/E)f has at most polynomial growth, as
per Definition 3.6.

ProoF. Using Example 5.7, the kernel of p(5v/L) satisfies @ (6v/'L)(z,-), (6VL)(-, y) €
D, Vx,y € M. Applying Proposition 5.10, implies there exist m,l > 1 and a con-
stant ¢ > 0, such that Vo € M

(VL) f(z)| = | f(p(6VL)(x,-))]
< cPh o (p(OVL)(, )
<c¢ sup (14 p(y,20) |L [e(0VL)(z,)](y)]

yeM.0<r<m

=c sup (L+p(y,20))'[L"p(8VL)(z,y)

yeM.,0<r<m

< cmax(1,07%™) sup (1 + p(y, x0))' Dso (,y),
yeM



where we applied (2.38) for the last inequality, choosing o > [+d/2. By the triangle
inequality and (1.21)

[ (5\/_) (z)| < c1(8)|B(x,8)] Zp(mﬁmg)k sup (1 + p(z, ) F(1 + p(x, y)) " o=/2

k=0 yeM
s
< c2(8) > p(, mo)"
k=0
< e3(0)(1 + p(z, x0))’
[]
(1.21) lnj{{ 1B(z,7)| > ¢, tert, 0<r<l.

z€
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