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Banach Spaces

Definition Banach space is a complete normed vector space B over a field F ={R,C},

Vector space: 40 B, Vf,geB, a.fecF > af+pgeB.
Complete: Every Cauchy sequence in B converges to an element of B.

Norm:
i. f=0=|f]>0
i Jasl=lellsl, vaer,

iii.  Triangle inequality || f+ g" < || f ||+||g||

Measure

In this course we shall mostly use the standard Lebesgue measure — the volume of a (measurable) set.
Examples: Q=[0,2] cR", u(Q)=|0]=2".

We will need the notion of zero measure (volume). Example: a set of discrete points.



Lp Spaces

Q c R" domain. Examples: Q) = [a,b] cR, Q= [0,1]” cR",Q=R".

(Jg|f(x)|p dx)lfp , O0<p<wm,
esssup|f(x)|, p

xe0)

171, 0=

0o,

esssgp|f(x)| = sup{A >0: |{x:|f(x)| > AH >O}.

A>0

1 < p < Banach spaces
0 < p <1 Quasi-Banach spaces (quasi-triangle inequality holds)

|7+ ell, <171, +lell, -
Theorem [Hélder] 1< p<w, felL, (Q),geL,(Q)

1
J o< [Vl =l <171 el o=t




Lemma Young’s inequality for products,

?pF 1 1
Gbia—-l-—f, —+—r:1,‘v’a,bz(}.
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Proof of lemma The logarithmic function is concave. Therefore

log[iap +Lfb*"' J = log(ia*” J{li]bﬁ }
p p p P _

1 1 :
> —1 ?)+—log(b”
> > og(a )+p’ og( )

=log(a)+log(b)=1log(ab).
Since the logarithmic function is increasing, we are done (or we take exp on both sides).

Proof of theorem If p =
| 172l =171 [ Jel =171, Dl

171, =lel, =1-

The proof is similar for p =1. So, assume now 1< p <0,




Integrating pointwise and applying Young’s inequality almost everywhere, gives

[ oyetoass [ [ L X |
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p P

— i-[o|f(;1)|p d1+LFL] g(x)|pr dx
P P

=1.

1.1
p p
Now assuming f,g =0 (else, we’re done)

HCYIE{CY
NV}

a<1= | |fel=<|/],l<l,

Schwartz inequality p =2

(7.2)

= |[. 72] < [ 1=l = 2, <171 el




The L, spaces not comparable on unbounded domains

Example We’lluse Q=R. Assume 0<g<p <o

Choose
(0 |x]<1
f(x):: 1 1-1
|x|1-"q |J‘| >
Wehave feL (R), feL, (R)
Now choose
f(;x) . x|1_.,..P |;x| <1
; 0 |x|>l

Wehave feL (R), feL,(R)



Theorem If || <0, 0<g< p, feL,(Q) then

10 =1 N1 o)
Proof Define = p/g>1

1AL = [T = 1AL < ( I (11 ) Jl (Lr )1

Holder
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Theorem Minkowski for Lp spaces 1< p<w, f,ge L ,

|7+, <171, +lel, -

Proof for 1< p <o ( p =1 is easier). W.Lg f,g>0. We apply Holder twice,
[(Frey=[r(fref +[e(fre)”

71, +lel, )] +2)°)

= (171, +lell, ) [ (. +g)p)l_yp
=(I71, +lle :f+gp)(I(f+g il
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Theorem For 0 < p <1, we have

M |Z4 <ZIAE

N

2 S

=1

(ii) f+g |p < VPl (" i ||p +|| g”p) or in general

N
<N |4
<N A,
p J=1

Proof The quasi-triangle inequality (ii) is derived from (i), by using 1< p™ <o,

N N Vp N Vp Ny 1 (-pVp N N
< P = 1- P < 11—P [ J _ Nl.-"'p—l
ol s(Zua) (S ) 2] (Zwa ) gaa
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To prove (1), we need the following lemma
Lemma I For 0 < p <1 and any sequence of non-negative a = {ak} ,

NP
[Z a, J < Z arl
k _ k
Proof We first prove (a, + a, )’ < af +a? and then apply induction.

To prove the inequality use /(z):=” +1—(z+1)" . #(0)=0 and A'(¢)= pt*” —p(z‘+1)p—1 > (. Therefore,
h(t)>0, for t>0. This gives #”+1>(¢+1)". Setting = a,/ a, gives

NP NP
a a
( 1} +1>( 1+1} =a’+a’ >(a, +a,)" .

a, a,

Proof of Theorem (ib: Simply apply the lemma pointwise for x € Q

o

<[] e [ S Joe- S o a0



Definition The space /, (Z), 0< p<oo, is the space of sequences a={a, | .. » for which the norm is finite

-

1p
al’| ., 0O<p<oo,
S|
k _

sup|a,|, p =,
k

Lemma Il /, c/, for p <gq. Thatis, for any sequence a = {a,}

lal, <4, -
'q v

Proof Case of g =, forany jeZ,

Vp
B p 1/p - » B
|af|_ |af| = Zl“ﬂc| —”a"; '
3 _ £

Therefore,

= supla,|<a, .
fal,. = supla, |<a],

For g <« , we have

l/q

ot | <zl "ot (gt | <[t |



Hilbert spaces and L, (Q)

Def Hilbert space H : Complete metric vector space induced by an inner product (,) HxH—C.

Properties of the inner product:
1.  symmetric <f,g):<g,f) ,
ii. linear (af, + Bf,.g)=a{f.g)+B{f.2) -
iii.  Positive definite {/, />0 ,with {/, f}=0< /=0 .

The natural norm || f ||H = ( f.f )1""'2 satisfies
(1) Cauchy-Schwartz

(7 2) <171, el
(1) Triangle inequality

17+ &l =11 +2Re (7, g) + el <A1+ 20/ Ml + el = (1/1+ Il

So, a Hilbert space is a Banach space.



Examples

O L@ en), - Tad b= Zel

ieZ ieZ

(i)  I'(Q) : f,g measurable, {f,g) = nggf(x)g(x)dx,
0 =W =450 =(Caf Jr (o) )

1

For Q=R",C,=1.For Q=[-7,7]|",Cq=——.
(27)




Spaces of smooth functions

Multivariate derivatives: A partial derivative of order r

af 7
a:(al,...,a”)EZj, D f— la:)La,”, Q’|:: OL'I-:?‘.

1 o n i=1

Definition C’ (Q) : The space of all continuously differentiable functions of order » in the classical sense.

D 120

af<?

D f

The semi-norm

D*f

|f|c*"(Q:] = |Z |

Q’|=F'

1s a semi-norm with the polynomials

w

Examples € (R) Then |/l o, = "), isanomn 7] . <"

of degree r—1 as a null-space




Sobolev spaces

Definition We define the space of test-functions C; (Q) - continuously r -differentiable with compact support
in Q.

Definition Sobolev spaces 7/, (Q),1<p<w

DefI For 1< p <=, completion of C; () with respect to the norm > _|0° f . For p =, we take

|ee<r P

W (Q)=C"(Q).

o o}

DefIl Let f €L, (Q). Now for @ € Z7,
it is a function and for all ¢ € C; (Q)

a’| <r, g:=0"f is the distributional (generalized) derivative of f if

.[Qg‘;ﬁ - (_1)|""| .[Qfaa¢ '

The Sobolev norm and semi-norm. We require that the distributional derivatives exist as functions(!) in
L,(€Q) and

P

o f o f

"f”n»—;mj] =2

||

|LP(Q:] <% |f|W"(Q] = Z

()
ra |Q’|=F' p( ]

Theorem 77, (Q) is a Banach space



Modulus of smoothness

Def The difference operator A, . For he R" we define A, (f,x)= f(x+h)— f(x). For general 7 21 we
define

()= 8,8, (1) =30 e i)

k=0
r

Remarks
1. For QcR", we modify to A} (f,x):= A} (f,x,Q), where A, (f,x)=0, in the case[x,x+rh|z Q. So

for Q=[a,b], A, (f,x)=0 on [b—rh,b], for any function.

2. Asan operatoron L, (Q) , 1< p<oo, we have that | i <2".Assume Q=R", then

L,—L,

<[ sl =Z( i, 21,

Def The modulus of smoothness of order r of a function f e L, (Q), 0<p<ow, at the parameter 7> 0

o, (f.1),=sup|a; (f.0)]

|f?|£r

a5 (1),

L(Q)



Example non continuous function. Let Q= [-1,1]. f(x)= {

Let’s compute @, (f,r)L (-11)* O<t<l.For0<h<t

0

A;?(f,x): 1
0

=1.

For p = we get @, (f.7) ;

L([-11])

([-1.1)

For p 7o we get (1), ¢,y = wf”%f ”f-p([—lsln =7

Aﬁ(flx)::Aﬁ(Aﬁf}x):

We get o, ( f. f) (2f)

In general, we get o, ( f, z‘) (L) < C(r, p)t”

0 x<0
1 O0<x

—1<x<-h
—h<x<0
O<x<l1
0 —1<x<-2h
1 —2h<x<-h
-1 ~h<x<0
0 0<x<l



Quick jump ahead (Generalized Lipschitz / Besov smoothness) ... for a <1/7, r = LaJ +1,

|f sa =Supt o, (f,r)r <supt ‘o, (f,f)r <csupt'"* <.
£ >0 0<r<2 0<r<2
We then say that f has o (weak-type) smoothness. Observe that in this example @ can be arbitrarily large as
long as the integration takes place with 7 sufficiently small. f(t)
Machine learning perspective Let / be a ‘binary classification’ step function with M steps.

You will compute (assignment I) for 0 <o <1, | f

B, (2Mr)hr . 1 p—

- The feature space is “problematic’ for a simple ML model such as logistic regression. 1 2
- As a discontinuous function, ‘simpler’ smoothness function spaces do not contain it.

- Decision trees will find the clusters, so no need for DL.

- DL? For M =2/, the function can be realized/learnt by a neural network with ~ j blocks,

- Each block has 4 neurons/features (2 layers with 2 neurons each)

- After the k-th block the function f, has P ‘steps’ with | /s o~ k)
: : ~ L 0 x<0 , '
- We can realize that the last representation layer as f ()= {1 o s0 it can be easily consumed by a
x>

logistic model.



Properties

1. (0},(f,l‘)p <" "f";p(q]’ l<p<w.

2. @,(f.t), is non-decreasing in ¢
3. For 1< p <o the sub-linearity property
r ?4.

8, (F + &)= |+ g) (x+ k)

r ?;-l .

> ;(:J(l)r_ﬁc g(x+kh)

=0

_|_

IA
B
ﬁ-‘""‘

(—1)HIC f(x+kh)

gives




4. For N>1, o,(f ,Nz‘)p <No (f ,z‘)p, 1< p <o . We prove this using the prpperty (assignment)

N-1 N-1
Ay (fox)=D D A (fox+kh+-+kh).
k=0 k=0

Let’s see the case r =1,
Am(f,x):f(x+Nh)—f(x)
:f(x+Nk)—f(x+(N—l)k)Jrf(er(N—l)k)—---+f(x+h)—f(x)

N-1
= > A, (f,x+kh)
k=0

Then, for any e R", |h| <t

|A;f;? (f,-)”p < N_l---Nf”A; (f,-+!clh+---+k,,h)||p
k=0 k=0
N-1 N-1

=> 2 |An () J<No.(f1),.
k=0 k=0

Taking supremum over all € R",

h|<t,gives o, (f,Nz‘)p <N'o, (f,z‘)p. It is easy to see that for 0< p <1,
the same proof yields o, ( f, V¢ )p <N"“?o.(f, z‘)p.



5. From (4) we get for 1< p<w,
o, (f.21), <(A+1) o, (f.1),, A>0

proof @, (f,;{t)p < (o,,(f,L/'lJrlJz‘)p < (L/’L+1J)r- o, (f,z‘)p < (ﬂ,+1)r o, (f,z‘)P.
Theorem [connection between Sobolev and modulus] For g e, (Q), 1< p <o, we have that
m?‘(g’t)r_pm) SC(r,n)f'|g|ﬁig.{Qj, Yt>0.

Proof for Q= R. Recall the B-Splines, N, =1 .1In general, N, .= N,  *N, = L N, (x—=t)N,(t)dr.

[o.]

0.6
0.5

0.2
0.1




e Properties:
Order r

Support [O,r]
Piecewise polynomial of degree » —1 with breakpoints (knots) at the integers
Smoothness » — 2, thus in Sobolev W;_l.

n

C

c O

Tensor-product in multivariate case N, (x):=N, (x,)x---x N, (x,) , where N, is the univariate B-

@

spline.
o [N, (x)dx=1

Here, we use the fact that for e R",

A, (f,x)| = |A; (f,x- rh)|. So, w.L.g., for any 7> 0, we can work with
0<h<t.Define N, (x,h)=h"N, (h‘lx), h>0.Let geC'(R). Then

WA, (g.x)=h" (g(x+h)-g(x))

= h J g'(u)du

X

- L;- g'(x+u)N, (u,h)du



We claim that for g € C" (R)
A (gox) = [ g (x tu) N, () du

To see this, we apply induction

WA (g,x)=h ' F1](AH (g,x+k)—A;_l(g,x))
—]1_1(.[ g' ] (x+h+u)N,_ (u,h) dH—J g _](A—I-H) F._l(u,f‘z)du)

x+h =

.[ .[g % +u 14 k)dud*l

:xN u h w?g v+u)dv |du
_ )d



x

—0

x

—0

x+h
[NV, (w.h) | A J g[r:(v+u)a’deu

[NV, (u.h) j g (v+u)N, (vx,h)a’v]du

—

=

V+U=X+)

x

—0

x

—0

— JN,,_l(zr}h) [T g (x+y)N, (}f—zr}h)dy}du
.' g[*] (x+}") []f N, (u,h)Nl (y —u}h)du ]dy

.. gm (x + y) N, (y, h)dy



Now, let’s see the proof for p =1. Assume g e (R)NC"(R).Let 0<h <t

h g, |dl<h .[ .[1&

A-I—N “N u, ]z |duda

<h -[]F u h |du (1 +u)|d1
<[ o
<t |g|n’f‘(]ra]'

For general 1< p <o we need Minkowski’s inequality (assignment). It says that for measurable non-negative
functions ¢:B >R, p: AxB—>R

(1,0 nte)f ] < Lol [, ooy )"

Or written differently (as an integral generalization of the ‘discrete” Minkowski inequality)

<Zlp. 0,

20ena], Lot @ <[Ta0




Using it we have for g e W, (R)NC" (R)

L|A; (g,x)|p dx < hp":}:(:}:|g(r:] (x+ u.)“N,, (u,h)| du)p dx

: NP
<h” .L: N, (u.,h)| g (-+u) . duj

<h” .L;- N, (H,h)| g

Corollary Forany P eIl (R), P(x) ax",

hAL(Px) = TP“‘) (x+u)N, (u,h)du=0= A} (P,x)=0= o, (P,t) =0



Marchaud inequalities

We know that forany 1<k <r,l<p=<w,

o, (f,r)p = sup A}?(f)H = sup A};"’A}j(f)”p <2 " sup A}:(f)H

|P|<t P |F|<t M=t P

=2 m, (f,r)p :

The direct inverse cannot be true. If we take Q= [a,b] and a polynomial PeIl  ,then o, (P,r)p =0, but we

don’t necessarily have a)k(P,r)p =0 for 0<k <r.

Theorem. Forany 1<k <r, 1< p=<w,

On Q=R, o, (f.1) -~:crj EA e g, £>0.

On Q:[a,b], mf.c(fnr) <ct® I




Lip spaces

Def For a domain Q c R" and 0 <« <1, we shall say that f € Lip(a) = Lip(a, =), if there exists M >0,
such that |f(x)— f(y)| < M|x-y|", forall x,ye Q. We shall denote |f|I_:p(a’] by the infimum over all M

satisfying the condition. Observe that we can replace the condition by

A, (fox)| < M|H[", VheR" =
o (f.1), <M®, ¥t>0=

t o, (f.1) <M, Vt>0.
For 1< p <o, we define

|f|@{a:p) = s:g) o, (f,r)P .






