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Physics-informed Neural Network

Example: Solving a nonlinear Schrodinger equation with periodic
boundary conditions

ih, +0.5h_+h h=0, xe[-55], te[0,7/2],
h(x,0)=2sech(x), h(-5,¢)=h(51), h.(-5)=h_(5,1).
Input to the network — any set of values (x,?),

Network - 5 FC hidden layers, 100 neurons per layer,

Output layer h(x,t)= i (x,t),7(x,1)] .
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Training loss function I
Define f :=ih +0.5h_+ ‘ﬁ‘z h

Physics-informed loss - N, =20,000 randomly selected
collocation points (x,,?, ) inside the domain

N
L 2

1 3
MSEf :]vf;f(xl-,ti) .

Loss at t=0 - N, =50 points {xj}, -5 <x; <5,

1 <y~
MSEo:NOZIh(xjao)_h(xpO)z
=




Training loss function 11

Boundary loss - N, =50 time samples {¢, }

1 &~ ~
MSE, = NZ{h(—S,tk)—h(S,tk)z ¥
b k=1

The network 1s trained with aggregated loss
MSE = MSE . + MSE, + MSE,

h(=5.0) -k (5.4) )

Notice that MSE , requires “automatic differentiation” ot the neural

network by the parameters x,z.

def f(t, x):

u = u(t, x)

u_t = tf.gradients(u, t)[0]
ux = tf.gradients(u, x)[0]
u_xx = tf.gradients(u_x, x)[0]
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Physics-informed Neural Network

Data (150 points)
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Physics-informed NN

“We must note however that the proposed methods should not be
viewed as replacements of classical numerical methods for solving
partial differential equations (e.g., finite elements, spectral methods,
etc.). Such methods have matured over the last 50 years and, 1n
many cases, meet the robustness and computational efficiency
standards required 1n practice. Our message ... 1s that classical
methods ... can coexist in harmony with deep neural networks”

M. Raissia, P.Perdikarisb and G.E.Karniadakisa, Physics-informed neural networks: A deep
learning framework for solving forward and inverse problems involving nonlinear partial
differential equations, Journal of Computational Physics 378 (2019) 686—707
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Numerical methods for the wave equation

/QM

<) 0

Obstacles (scatters)
Q,, - Sensor domain

Q, - Source location




Basic notation

u(x,t):Qx[0,7T] >R, QcR", Vu=V u:(au Guj

. 8—361,. . .,a—xn
Vector field F(x)=(F(x),....F,(x)):R" > R"
: , - OF;
Divergence div(F)=(V,F)=> - !
i=1 Xl.
n 21/1
Laplace operator Au :=div(Vu)= Pws
i=1 Xl.
(0 1 0)
Discrete Laplace as convolution (n=2), A, =|1 -4 1
0 1 o,
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Numerical methods for the wave equation

2
é;tzl(x,t)=div(cz(x)Vu(x,t)), 0<t<T, xeQ.
u(x,t)=0, VxeoQ, u(x,0)=u,(x), Z(x,O)zvo(x).

Finite difference scheme (c constant, A, (x, j) the discrete Laplace,
At=Ax=1)

u(x,j+1)=c’Au(x,j)+2u(x,j)—u(x,j-1).
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Source location through time reversal re-focusing

&
@/V .

///'

Input: Obstacle locations, u(x,7),u, (x,T), x€Q,,.

Goal: find ,, the unknown source location

12



Source location through time reversal re-focusing

<> R

@ O Q

Method (*): Reversed finite difference scheme for the wave equation
backwards from time 1 to time 0 based only on information from Q) at

time 7 . This means initializing u(x,T ) =0 forxeQ\Q), .

(*) D. Givoli, Time Reversal as a Computational Tool in Acoustics and Elastodynamics, Journal of
Computational Acoustics, 22 (2014).

13



Example for forward propagation
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Example for time reversal with Q  =Q
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Example for time reversal with Q , <O
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Source location - Al-based toy problem

Input — only u(x,7). u,(x,T) is missing.

Output - u(x,0) Source location at time 0.
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Source location - Al-based toy problem
u, (x,7T') is missing > problem is relatively ‘ill-posed’.

Method — Train a regression convolutional network using software
simulations that outputs (x, y) coordinates of predicted source.

Training set — 3,000 pairs of source locations and wave 1mages at
time T

Testing set — 1,000 pairs

4-fold runs
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Source location — Convolutional Neural Network

architecture

Layer 0 (input) 128x128 image of u(x,T)
Layer O to layer 1 16 conv filters of size 31x31
Layer 1 to layer 2 32 conv filters of size 5x5
Layer 2 to layer 3 32 conv filters of size 31x31
Layer 3 to output Fully connected

Output predicted (X,y) coordinates of
source.

19




Source location — trained conv filters

Visualization of the convolution filters at layer 1
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Source location — results (4-fold)

Exact location 36%

Up to one pixel away /2%

Up to two pixels away 87%
Up to three pixel away 93%
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Obstacle segmentation

Input - sensor data 0=¢, <¢, <---<¢t, =T,
- source location
- boundary conditions

3
® Sources

® Sensors

Output - obstacle segmentation map __ o Gt

State-of-the-art using “classical”
numerical methods + optimizations: ;s
unknown single circular obstacle

Here we assume ¢ = const away 0.5
from boundary and obstacles.
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Waves at t =500 with different obstacles
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Obstacle segmentation — network architecture

Input: 2,000 time samples for each of the 8 sensors

Output: segmentation map of obstacle. Each pixel 1s logistic
regression variable with value [0,1]

FC = = =
32x32x16

128x128

1,024x1
4,096x1

16,000x1



Obstacle segmentation — Training

Dataset of 20,000 random polygonal obstacles. Recall that during
training we may use the ground truth obstacles.

For each obstacle sample I and each location x € [0,127]2
- p,(x)€{0,1}- ground truth.
- p,(x)=1 iflocation x is part of the obstacle in sample /.

s, € R" - vector representation of sample / at the layer before last,

) 1 n
p,(x)= {4 o (Fosi0) W eR",b eR, xe [0,127]2.

So 0 < p,(x) <1, approximation for obstacle at location x.
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Minimization of Negative Log-Likelihood loss

NLL——#IIUSQZ Z p,(x)log p, (x)+ (l—pl(x))log(l—ﬁl(x))

xe[0,127]

Minimization of Jaccard loss (approximates minus of Intersection
Over Union (IoU))

. <p[9pl>
‘pl‘l +‘p1‘1 _<plapl>
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Prediction

Ground Truth

Obstacle segmentation — results
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Obstacle segmentation — results

_4NB
0<IOU(A4,B)= AUB <1
Mean IOU Median 10U
0.621 0.66
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Physics-informed obstacle segmentation

e Regularization of the solution using the wave equation.
e The known source, sensors and output obstacle 1image { ﬁ(x)},

0< p(x)<1, provide a solution @ (function of p) to

2~
thl(x,t) = czdiv((l —]’ﬁ(x))2 Vﬁ(x,t)), 0<t<T, xe[0,127].
e So, if the sensors are located at {x, },_, then
113 . A2
MSE :ngZ(”(xk’])_”(xk’]))

e Training loss - linear combination of NLL and physics informed
MSE.
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Physics-informed obstacle segmentation

{#(x,,j)} are a determined by obstacle map p(x).

But...how do we pass this information to the loss function?

We add to the architecture of the neural network, one
additional layer per time stamp, @(x,j), 1< j<T.

We apply finite difference forward passes

i(x,j+1)=F(x,c, p,a(-j),a(.j—1)).

8
_, and pass

We collect from each layer j the values {ﬁ(xk, j )} -

to the loss function.

30
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ABSTRACT

We investigate a numerical method for approximating the solution of the one dimensional
acoustic wave problem, when violating the numerical stability condition. We use deep
learning to create an explicit non-linear scheme that remains stable for larger time steps
and produces better accuracy than the reference implicit method. The proposed spatio-
temporal neural-network architecture is additionally enhanced during training with a
physically-informed term, adapting it to the physical problem it is approximating and thus
more accurate,
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3.1. Mathematical model

The general formulation of the wave problem is given by -

(X . )=V -(A(X)Vu(X.t)) X eQ.te(.T].

11(7,0):1:0(7) X e 2,

La(X,0)=vo(X) X e, (1)
u(x,t)=f(X.t) €9y, te[0,T],

| Vu(X.,t)=g(x,t) €0, te[0,T], 9Q;UIQ, =0,

—
X

—
X

where u(¥,t) is the wave amplitude or acoustic pressure, ¢ is the wave propagation speed, ug and vo are the initial
pressures and velocities respectively, and f and g are boundary condition of types Dirichlet and Neumann respectively. In
this work we investigate the one-dimensional case. Therefore, throughout the paper x is treated as a scalar so x € Q2 =[a, b].
We also assume that ¢ is constant. The specific system we solve is given in section 5.1 by (5). Problem (1) is well-posed and
thus small changes in the problem conditions result in small changes in the solution and there exists a unique continuous
solution to the problem inside the domain.
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We approximate the spatial domain € using Ny nodes. We also approximate the temporal direction [0, T] using N;
nodes. Both are uniform divisions. We denote Ax and At as the grid spacing. We use the notation u for the solution at
point (i - Ax.n-At) where i =0....N, —1 and n=0, ...N; — 1. A commonly used method to approximate the solution is the
FD method [5]. We use it to approximate both in time and space as follows:

n+1 n n—1 n n n
u; = 2up - u _ 2 Ui, q —2u; +u;
At2 Ax?2 '

(2)

3.3. Numerical stability

Denote o = c%. This is the Courant-Friedrichs-Lewy (CFL) number. The CFL criterion o = C% <1 is a necessary and
sufficient condition for the convergence of FD method [6]. When we choose a grid (selection of Ny.N;. Ax and At) that

does not satisfy the CFL condition, « > 1, after a few iterations in time the solution “blows up” as shown in Fig. 1.

1e9

1.5 1
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0.5 4

l_
0.0 1
0.5 - 01
-1.0 -1 4
-1.5 4 -
_20 -

-2.5 -

[I) lEI}U 260 360 460 560 fl? 160 ZC‘JO 3DIO 4{.)0 5{:‘!0
(a) @=0.875 (b) a=8.75

Fig. 1. Approximation of a solution to the wave problem after 10 iterations using the FD method with different CFL numbers.



Table 1
Network layers types, sizes and number of weights,

Layer type Number of weights Number of biases Activation Layer output shape Number of activation weights
Convolution 32 16 PRelLU Nyx1x16 8016

Convolution 6,144 128 PReLU Ny x 128 64,128

Convolution 16,384 128 PReLU Ny x 128 64,128

Convolution 128 1 - Ny x 1 0

Dense 251,001 501 - Ny 0

Conv | Conv Dense
N X 2 N, X116 N, X 128 N, x 128 Nex 1 N,
Fig. 2. The network architecture, Fmt fot
fo=y
/()=0 v :
fo)=ay
PReLLU



a(n+1 ym+j

y(+1l)m+j

Output

I | Neural network
n p u t architecture

Fig. 4. Physically-informed loss calculation process.
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5.1. Experiment setup

We tested the method on problem (1) setting 2 =[0,1], T=1, c=7 and vg(x) = 0. Problem (1) then becomes:

[li(x, ) = Cuxx(x,t) 0<x<1,0<t<T,
u(x,0) =up(x) D=x<1,

lix.0)=0 0<x<T1,

lu(0,t)=u(l,r) =0 0=<t=<T.

(5)

For the numerical grid we chose N; = 4000 and Ny = 500 on the domain [0, 1]. For these conditions the CFL number is:

1
At 200
@ =c—=7xF =875>1,
X 500

which violates the CFL condition. Multiplying At by m = 10 we get a CFL number of 0.875 which satisfies the stability
condition.

The orthonormal basis functions we use are {sin{n!«:x)}fgl. We use these basis functions to create the initial conditions
that form the training, validation and testing data-sets. Each initial condition is a linear combination of the basis func-
tions Zﬁ'; apsin(mrnx). The coefficients are randomly generated and satisfy Zﬁﬂzl lan|?> = 1. Fig. 5 presents 5 examples of
randomly generated initial conditions.

We generate 1, 250 initial conditions and use the FD method with the fine discretization (mAt) as described in sec-
tion 3.4 to create the data-set consisting of 1, 250 - 397 =496, 250 samples. Each sample is of the form:

Input : @10 u™y —  Label: @"T10 "1y n=10,20,...,3980

36
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Fig. 5. 5 Randomly sampled initial conditions that were created for the data-set.
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-« Explicit FD
- .= Model trained without physically informed component

Error over time

Model trained with physically informed component
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5.3. Generalization

Using sines as basis functions for training and testing the model raises the question whether the model can perform well
given an initial condition that was not formed using a finite linear combination of sine functions. We explore the ability of
the model to generalize - predict solutions of initial conditions it was not trained on with high accuracy. We define a set of
testing random initial conditions using:

20
u(x,0) = Zake_(x_b“zﬁ“sin{xkx)* (6)
k=1
20 2 _ 20 2 _ 20 2 _ : : .
where > 07 fagl® =D 21 Ibkl® =2 1= Ickl© = 1. ag.bg. ¢y € [—1, 1] are generated randomly. Using separation of variables,

we find the analytic solution of the wave problem given such an initial condition by finding its Fourier coefficients. The
coefficients are calculated using:

1 /20
A;=/ Zaje_(x_bf}zﬂisin(Jrjx)sin(rrix) dx, Vl: A; #0almost surely,
0 \J=I

and the solution is given by:

o0
u(x,t)= Z Ajsin(milx)cos(cmle).
I=1
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Error over time
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