DEFINITION 3.1. For a non-negative self-adjoint operator L on D(L) C L*(M)
we define the spectral cutoff operator

(31) Fy = 1[[],A](\/E) = / 1[[]1;\](\/ﬁ)dEuj A > 0.

0

By (1.48), the operator F) is bounded on L?, but not necessarily on L?, p # 2.
Therefore, before we proceed with the definition of spaces of finite spectra, we
note the following. let ¢ € C3°(R) be even. Then, by Theorem 2.16 we have

that |o(VL)(z,y)| < exDix(x,y), for all k > 2d and x,y € M. Therefore, by

Proposition (1.12), ¢(v/L) is a bounded operator on LP(M), 1 < p < oo. This
supports the following definition

DEFINITION 3.2. Let L be a non-negative self adjoint operator on L*(M). For
any A > 0 and 1 < p < o0, we define the Space of Finite Spectra or Spectral
Space as

SPe={felP: oL f=f VYeecC R),¢evenandp=1on[-\ Al



In some cases, we will focus on functions supported in a specific ‘band’ [A\{, A2],
with 0 < A1 < A2 < 0 (see e.g. Proposition 4.5). To this end we define

E;E\l,}«z] ={fell: oWL)f=/f VYeeC R),¢evenand p=1on [—As, —A1]U[A1, Aa]}.

At this point, the above equalities go(\/f) f = f can be understood as the usual
equality in the L? norms, where both functions are in the same equivalence class.
We shall now see that the equivalence class contains a continuous representative
which will be assumed to be the member of ¥{ we deal with.



PROPOSITION 3.3. For any f € L? and A > 0, f € X3 if and only if F)\ f = f.

PROOF. Assume that for f € L?, F\f = f. This implies that f = E,f, for
any u > A%, where {F.}u>0 are the orthogonal projections associated with the
spectral resolution of L in (1. 50) Thi% means that dE, f = 0, Yu > \?. Now, let

p € CP(R), peven, p=1on | . It is easy to see that
VI)f = / Va)dE, |
. / IE, f +/ o (Va)dE, f
0 A2
= E\2f +0

= f



In the other direction, for any ;\ > A, construct p € Cg° (R), ¢ even ,such that ¢ =1
on [—\, \] and supp(¢) C [\, A]. Since o(V/L)f = f, this implies dE, f = 0, for

any u > A2, Since A can be chosen arbitrarily close to A, we get dE,, f = 0, for any
u > \?. Thus

f_lochuf_AﬁdEuf_Fhf.



Here are some examples for spaces of finite spectra

(i) Trigonometric polynomials - For the case M =T, Lf = —f and A= N,
the operator F'y is the orthogonal projection on the polynomials of degree

N, for all f € L*(T)

Fn f(x) = Z 1[{.),.N](‘k‘)f(k)€im

k=—oc

N ~ .
_ Z f(k)etkm
k=—N

This yields the spectral space

N = {TELQ(T): T(x) = Z akeim}.

k=—N



(ii) Band-limited functions - For the case M = R%, Lf = —Af and A > 0 we
have

¥2 — {f cL2(RY):  flw)=0, Y|u|> A} |



PROPOSITION 3.3. For all A > 0 and 1 < p < 0o, one can assume
¥ C(M),

since each equivalence class has a continuous member. Furthermore, if p = o0, or
the non-collapsing condition (1.20) holds, then any f € % is in Lip(a), with «
from Definition 2.1 (see §5.5 for more details on Lipschitz spaces in our setting).

PrROOF. Let 8 € C3°(R), even, with supp(d) C [-2,2], § =1 on [-1,1]. By
definition, for f € X%, f = O(A"'WL)f. Let 2 € M. For any ' € M, p(z,2') <
AL, we use (2.30) with ¢ > 3d/2, then Holder’s inequality and finally (1.33) to



derive for 1 < p < o

6OV f(2) - 6V ()] < / 6O V) (@, y) — 6 VI) )1 @) ldn(y)

< cOp(z, 7)) /M D1 o (2 )| ()ldu(y)
< | B, A )T VP LA o, )

This certainly shows (A~ L)f € C(M) and since f = (A" L)f in LP, we see
the equivalence class has a continuous representative.



Next, for p = 0o, using the same method

OV f(z) = 0(AVL) f )\</ O VL)(z,y) — 6N VL) (', )| 1f (9)|du(y)

< cOp(,2)flloo [ Dacso(a,)dn(y)
M

< || flloo A p(a, 2)".
Also, for p = oo, it is easy to see that if p(x,z’) > A™!, using (2.28)

0TV f(z) = 0ATVL) ()] < e flloc
< | fllooA* p(z, 7)™

This shows that for f € L>, §(A~"VL)f € Lip(«).



Assuming the non-collapsing condition (1.20) for 1 < p < oo gives
Bz, \"H|7YP < eX¥P Ve M,
which implies we may proceed for z,2’ € M, p(x,2') < A\~ 1, with
0(VL) f(x) = 0(VL) f(2")] < || fll,A* TP p(, 2')*.
If p(z,2’) > A\~1, then using (2.28)
- - d
O VL) f(z) = 0N VL) f(@)] < AP ],
pr)‘&erXpP(ﬂ?r x')”.

<c

This again shows §(A\~'V/L)f € Lip(a).



PROPOSITION 3.8. Let # € C3°(R), be even with supp(f) C [-A, A]. Then, for
any 1 < p < oo, O(VL)(-,y) € X%, for any y € M and 0(v/'L)(x,-) € X%, for any
rec M.

PROOF. First we observe that using (2.28) and (1.33), it is readily seen that for
any fixed y € M, O(V/L)(-,y) € LP(M), for any 0 < p < co. Now let ¢ € C5°(R),
even, with o =1 on [\, A\]. Then, for fixed y € M

VDBV (- y)]() = / o(VI) (&, 2)8(VI)(z y)dp(2)

M
= [p(VL)O(VL)](z,y)
= 0(VL)(,y).
Since ¢ (VL)[O(VL)(-,y)] = 0(V'L)(-, ). for any such ¢ € C3°(R), we may conclude
O(VL)(-,y) € X%, for any y € M. Since 6(v/L) is self-adjoint with a continuous

kernel, by Lemma 2.3, for a fixed € M, we have that 8(v/L)(x, ) = 8(v/L)(-, x) €
P =




One of the famous results for sampling in spaces of finite spectra is the Shannon-
Nyquist sampling theorem for band-limited functions in X5, where M = RY. Tt
states that using the sinc function

d .
sin(7x ;)
SO(II:) — 90(:31? ***amd) = | | . 9
i1 ?TfBj

which is the ‘ideal’ band-limited function with ¢ = 1;_, 1, one has

(3.22) f@)=S"f (gk) o (%m _ k) . Vfex?

keZd
The Shannon-Nyquist sampling formula implies that band-limited functions can
be completely determined from their samples at a frequency which is inversely
proportional to their maximal spectra. We can easily derive a generalized Shannon-
Nyquist theorem from Theorem 3.17 for smooth cutoff functions




3.3. Maximal d-nets

In the classical case of band-limited functions over R?, with maximal spectra
A, there is a notion of critical sampling at the Shannon-Nyquist frequency which
is inversely promotional (see (3.22)). Before we proceed to present generalized
sampling results on spaces of finite spectra in the next section, we require a general
definition of ‘critical’ sampling, which is the maximal J-net.

DEFINITION 3.10. For § > 0, we say that X = {£} € M is a d-net, if p(&,n) > 4,
for all £,m € X. We say it is a maximal d-net on M, if it is a d-net which cannot
be enlarged, that is p(z, X) < §, Vo € M.



We collect simple properties of d-nets

PROPOSITION 3.11. Suppose (M, p, i) is a metric measure space obeying the
doubling condition (1.14) and let § > 0.

(i) A maximal d-net on M always exists.
(ii) If X is a maximal d-net on M, then

(35) M =[] B(&9), and B(§,6/2) N B(1,6/2) =0, YE#n, &neX.
EeX

(iii) A maximal d-net on M is countable or finite and there exists a disjoint
partition {A¢}eex of M consisting of measurable sets such that

(3.6) B(€,0/2) C Ae C B(£,9), (e X.



PROOF. For (i) observe first, that any chain of d-nets X; C X5 .-+ has a J-net
upper bound in the form of X = UpA). Next, note that the maximal d-net we seek
is a maximal set in the collection of all )-nets on M with respect to the natural
ordering of sets by inclusion. Hence, we may apply Zorn’s lemma to conclude a
maximal d-net on M exists. Property (ii) is easy to see. First, from maximality,
for any x € M, there exists £ € X, such that p(x,£) < d. Otherwise, X can be
enlarged using x. Therefore M = Ugeﬂc’ B(&,6). Also, if for some &,n € X, £ # n,

we have B(£,6/2) N B(n,d/2) # 0, then p(&,n) < 4§, which is a contradiction.



To prove (iii), we first fix y € M and observe that for any n > §, n €
N, using (1.22) and then (1.16), for any & € X N B(y,n), we have |B(y,n)| <

c(d,n,d)|B(&,0/2)]. We use this along with property (ii) to derive
#XNBm) it [Bmo2l< Y |BE/)
neXNB(y,n)
ceXNB(y,n)
< |B(y,2n)|
< co2%|B(y, n)|
<c(d,n,0) inf  |B(n,d/2)|,

neXNB(y,n)

which yields #(X N B(y,n)) < ¢(d,n,d) < oo, for any n > §, n € N. This implies
that A is countable or finite.



We now construct the sets {Ag¢}ecry. Let us order the elements of X in a
sequence: X = {&1,&s,...}. We set

Afl = B('glr(s)\ U B(?].{.(S/Q).
neX ,n#&1
It is easy to see that B(£1,0/2) C Ag, C B(&1,0), since B(&1,0/2) does not intersect
with any B(n,6/2), n # &. In going further, assume Ag ,...,A¢._,, have been
already constructed, we set

A, =B, 0\ 1| | 4o |l U BM0.6/2)

L v<j—1 ”?EX}"'?#EJ' _
Again, it is easy to see that B(;,0/2) C A¢; C B(&;,9), since the ball B(§;,6/2)
was subtracted from all previous sets A¢,,..., A¢; , and also at the same time, does

not intersect any B(n,0/2), n # &;. Finally, to see that M = |,y A¢, observe
that M = {Jgcr B(§,0) and that each A;;; was constructed by subtracting from
B(&;,0) subsets of M that are guaranteed to be subsets of A,, n # ;. []



LEMMA 3.12. Suppose X is a mazimal §-net on M and that {A¢}ecx is a
companion disjoint partition of M satisfying (3.6). Then the following holds:

(i) For any o >d and 6, > 9

(3.7) D A1+ 6 p(x, €))7 < e|B(x,6.)|, Vo€ M.
EeXx

(ii) For any o > 2d

(3.8) Z(l + 6 tp(x, €))7 <e, VreM.
geX
(iii) For any o > 2d and 6, > ¢
(3.9) Y |A¢|Ds, o(2,€)Ds, 0 (y, &) < D5, o(2,y), Yo,y € M,
§eX

where Ds, , is defined in (1.29).



PrOOF. To prove (i) observe that for u € A, C B(£,0) C B(£,6x)
L+ 07 p(w,u) <1407 p(2,€) + 67 p(6,u) < 2(1+ 67 p(x,€)).

Therefore, applying also (1.23)

S Ael(1+ 60 p(a ff<(=z/ (146 p(z. )~ dyu(w)

EeEX EEX

— e / (1 4 6= p(, u)) " dpa(w)
M
< ¢|B(z,d.)|.



3.4. Sampling Theorems

In this section we study sampling theorem for spectral spaces EE of finite spec-
tra 0 < A < oo. These type of results have been studied extensively and have many
applications. Let us first recall the classical Marcinkiewicz-Zygmund inequality for
trigonometric polynomials on M = T [47]. It states that for any 1 < p < oo, there
exists a constant ¢, > 0 such that for any N € N with Xy as the spectral space of
trigonometric polynomials of degree N, the following holds

al o (21 (27
N +1 N +1

1
cpN Z

7=0

p g N
pz :

j=0

p
, VP e Xy.




THEOREM 3.14. There exists a constant c, > 0 that satisfies the following: Let
A > 1 and let X be a maximal 6-net on M with 6 = v/\, 0 < v < 1. Suppose

{Acteex is a companion disjoint partition of M satisfying (3.6). Then for a > 0
from Definition 2.1 and any f € ¥5, 1 <p <

FOPdux) < I,
DT p

and for any f € X5°

sup sup |f(z) — f(§)] < || flloe-
EX x€Ag



PROOF. Let ¢ be an even cutoff function, ¢ € C>(R), supp(y¢) C [—b,b],
b>1,0<p <1, ¢o=1on[-1,1]. Then, for any f € X%, f = p(A"'VL)f. Since
p satisfies the conditions of Theorem 2.16, we may use (2.30) with o > 3d/2 and
Ae C B(€,9), V€ € X, to obtain for 1 < p < o0,

3 /A (O Pdu)

EeXx
p
-/ / AV (@, y) — o VD) 6 w) f@)dualy)| dpu(a)
ccx ’Ae
p
53 / (] ol Dacs (o) F) ) ) duta)
M
(eX
p
<er” [ ([ Daranlf@lant)) duto
M \JM
< 2P| fIIE,
where for the last inequality we used Proposition 1.12. We set ¢ := c;f P The

proof of the case p = oo is similar. []



THEOREM 3.15. [10] Let 0 < v < 1 and assume that

1
(3.11) cpy™ < 5

where cp > 0 is from Theorem 3.14. Given A > 1, let X be a maximal d-net on M
with 6 = v/A. Suppose {A¢}ecx is a companion disjoint partition of M satisfying
(3.6). Then, for any f € ¥5, 1 <p < o

L/p
1
(3.12) £l < | 3 Aelr©r | <2061,
eX
and for any | € X5
1
(3.13) Sl Fllso < sup [F(E)] < [l

§eX



Furthermore, if for 0 <e <1

(3.14) Y <

then for any f € X5, 1<p<2

(3.15) (L=o)fI5 < D Alf P < @ +o)IfIIE.

§eX



PrROOF. We begin with a proof of (3.15). For any 0 < 8 < 1, a,b € C, and
p > 1 it is easy to see that

1 1
3.16 P < — bl” + |b]*.
(3.16) gl < gmla— b +1b
This implies for 1 < p < 2
(3.17) (1= pB)la” < —=la = 0" + [b]".

The inequality (3.17) with §:= /2 yields for any f € LP, 1 <p<2,and { € X

& p 1 p P
(1-3) [, 1r@Paut) < e [ 1@ = 5©P @) + Adiso




Summing up over £ € X, applying Theorem 3.14 and then using (3.14) gives

(1-5) 1718 < - 12[4 P du(z) + ) 1Al F(€)

EEX EEX

1
T Il + 2 1Al @
feX

< SIFI+ 3 Acllf @)

£eX

<




This proves the left hand side of (3.15). To prove the right hand side of (3.15),
we begin by applying (3.17) differently with § = ¢/3 and any f € LP, 1 < p < 2,
EeX

(1-5) 1Al ©F < s [ @) = F©Pduta) + [ 1f@)Pduta)

Again, we sum up over ¢ € X, applymg Theorem 3.14 and then using (3.14) to get

(1-5) S MO < g X [, 15 = FOPduta) + 171

felx EEX

T I+ A1

< (1+32) 171




Since

this proves the right hand side of (3.15).
We turn to the proof of (3.12). By (3.16) with 8 =1, for 1 < p < o

1
2p—1

lal” <la—bP + [b]P, Va,becC.



This implies that for any £ € X we have

= /A (@) Pdu(x) < /A F(@) = F(©)ldp(z) + |Aell )1

Summing up over £ € X, applying Theorem 3.14 and now using (3.11)

Ip— 1Hpr_ Z/ ‘pdy ‘|—Z‘A£Hf

EEX EEX

< AVPIFIL+ D A F (O

£eXx

< oI+ 3 el f©)P

§EX




This yields the left hand side of (3.12). Inequality (3.16) with 3 = 1 also gives for
any £ € X

1
sl < |

Ag

ﬂﬁ).ﬂ@dmﬁ)+/ £ (@)Pdu(z),

Ag

which we again sum up over £ € X, applying Theorem 3.14 and using (3.11) to

drive
s 2 MFOF < 3 [ 170) ~ 1@kt + 171
cCX cEX
1
= p
S@+%)wm

From this we conclude the right hand side of (3.12). The proof of (3.13) is similar
and simpler. ]




COROLLARY 3.16. Under the assumptions of Theorem 3.15 we have for any
fex 1<p<o

1/p 1/p
(318) ¢y | DUIBEAIIAOP ] <Uflp <2 D IBEAIINFOP]
EeX EeX

where



PROOF. Recall that a maximal d-net satisfies (3.6)
B(£,6/2) C A C B(£.9), £eX.
This implies by (1.16), with § = ~/A, that for any £ € X

290
b (5*;5)
d
o (2) (e
d
< Cop (%) Agl.

B AT =




Combining this with the right hand side of (3.12), gives the left hand side of (3.18).
To obtain the right hand side of (3.18) we use

[Ae| < [B(E0)| = [BEAAT)| < |BEATY)], VEe X, 0<y <1,
and the left hand side of (3.12). O



THEOREM 3.17. [10] Given A > 1, let X be a mazimal d-net on M, with
0 =~v/\,0<y <1 and

(3.19) Y™ <

y

=] =

where ¢, > 0 is from Theorem 3.14. Then, there exist positive weights {we}eex
such that

(3.20) [ fdu= Y wes(©). v ek

§eX

Furthermore, the weights {w¢ }eex satisfy we ~ |B(€,9)|, for all § € X.



DEFINITION 3.19. We say that the spaces of finite spectra {EE}A}Q possess the
Polynomial Property (or Product Property), if there exists a constant x > 1,
such that for any A > 0,

(3.23) f.ge 2= fge sl

This property is valid for example, for band-limited functions on R?, or when
the spaces of finite spectra are polynomials. Some examples are: trigonometric
polynomials, spherical harmonics [52], algebraic polynomials on the interval with
Jacobi weights [55], on the ball [56] and in the context of Hermite [57] and Laguerre
44| expansions. Under this assumption, the following generalizes a result from |54
for compact manifolds



COROLLARY 3.20. Assume the polynomial property with x > 1. For any A > 1,
b > 1, let X be a maximal d-net on M, with § = ~v/(bkA), 0 < v < 1 and

1
cpy”t < —,

bY > 1
where ¢, > 0 is from Theorem 3.14. Then, there exist positive weights {wg}gem

such that for any even cutoff function ¢ € C3°(R), supp(p) C [-b,0], 0 < ¢ <1,
@ =1 on [—1 1]

nggo W) (x, &) f(€), VfeX2, Vrel

feX



PROOF. For f € ¥2 and a fixed & € M, define f.(y) := o(A\"'"VL)(z,y)f(y).
Since by Proposition 3.8 Lp()\_lx/f)(m? ) € Egm under the polynomial property, it
is easy to see that f, € X1 . Applying f = p(A~'v/L)f and then (3.20) we get

f(z) = /M oV (2, y)f (v)duy)



3.5. The Jackson and Bernstein Estimates for Spaces of Finite Spectra

The purpose of this section is to show generalized versions of two classic esti-
mates from Approximation theory. The Jackson estimate relates to approximation
from ¥4 in the LP(M) norm, 1 < p < oo, where for p = oo, we consider Uniformly
Continuous Bounded functions (UCB). To this end we define
(323) gh(f)p c= gll]gp ”f g”p A>T

The approximation from 3 is typically coined as linear approximation, since
as we shall see in the proof of the Jackson theorem below, it can be efficiently
realized using linear operators T : LP — Y, A > 1. In the special case of

p = 2, we obviously have a realization of the optimal approximation using the
linear projectors Fy : L* — Y32, defined in (3.1), with Ex(f)2 = [[f — FA(f)||2- In



PROPOSITION 3.20. For any s > 0, A > 1 and f € L? N D(L*/?), with L3/2f €
L2(M)

(3.24) Ex(z=Ilf = F(H)ll2 < A°IL*2 £
PROOF. We have using (3.1) and (1.46)

o0

If = By ()2 = f d| B ]|

A2

2

o0
= f uwSutd|| E, f|5
A

o0
< A2 f Wd||Euf |
(0

= A2 L2 3.

lo(L)f|2 = / o(w)d]| Euf 2. O




THEOREM 3.22. Let 1 < p < oo. Then, for any s > 0, there exists cs > 0, such
that for any X\ > 1 and f € LP N D(L*/?), with L*/?f € LP

(3.26) Ex(F)p < cAS[IL2 .

PROOF. Let 6 € C*°(R) be even, 0 < 6 < 1, 9 = 1 on [—1,1] and supp(f#) C
—2,2]. Set ¢ :=0(271-)—0. Then1—0 = (2 leen)\>0%et(5 = 2/\.
3>0

For any f € LP, we have that the linear projection 9((5 \/_ L)f is in ¥%. Therefore

EX(f)p S IF=06VL)fllp <D o276V L) £l

720



Denote briefly h(u) := ¢(u)|u|=%, u € R. Then
p(2796VL)L™3/? = (2776)*h(2776VL).
We now further assume L*/2 f € LP and proceed for each j > 0 with
Il 76V L) fllp = (27 6V D)L= 2L f |,
< (270 |h @776V L) || Lo Lol £

Since for any s > 0, the cutoff function h is even, h € C'°°(R) and supp(h) C [—4, 4],
we may apply Theorem 2.16 to derive for k£ > 2d, that

W(2796VL) (2, y)| < e1Da-is (2,y), Y,y € M,
where ¢; also depends on s. Therefore, applying Proposition 1.12 gives

Ih(277 VL) || Lo—rr < Co,



and co also depends on s. We get for any A > 1

p S ZH‘@ st\/— f“p

7=0
< {32)\—5 ||L9{2f||p Z Q—js
7=0

< e N8| LR

lp-



Next we proceed with a Bernstein-type estimate for the spectral spaces. We
first recall a classic result for trigonometric polynomials on T [21]. Let Xy :=
{P(x) = Zsz_Nakeikm}. Then for any r € N, and P € Sy, [P, < N"||P||,,
1 < p < oo. Additional classic results are for band-limited functions. For example,
if f e S(R) and supp(f) C [-\, A, then for any r € N, [|[f(7]|oo < (27)" NI £l
(see e.g. [57, Theorem 2.3.17]).



COROLLARY 2.19. Suppose ¢ € S(R) is even. Then for any m € N and
0 <6 <1, L™p(6v/L) is an integral operator with a kernel satisfying for any o > 0

(2.38) L™ o(6VL)(2,y)| < 672Dy o (2,y), Va,y € M,
and the Holder-type estimate
(2.39)
/ X
L6V L) (2, y)— L™ o(0VL) (. y)| < cd—>™ (p(y(;y )) Dso(z,y), if p(y,y) <6,

where the constants depend on ¢y, ¢*,C*,m and the Schwartz constants {c(v,r)}
of p,forall 0 <v <o, 0<r<oc+a+d+1.

PROOF. For m > 0, let h(\) := A\*™p(\) which is even and in S(R). For any
§ >0, h(6V/L) = 6> L™p(5v/L). Then the corollary follows readily by applying
Theorem 2.18 to A and any selected o > 0. []



THEOREM 3.22. Let 1 < p < 0. Then, for any r € N, there exists ¢, > 0,
such that for any A > 1

(3.26) IL"gllp, < erX||gllp, Vg € 8.

PROOF. Choose # € C*(R,), even, with § = 1 on [—1,1] and supp(f) C
[—2,2]. For any g € X%, we have by definition g = 8(6+v/L)g, with 6 = A~1. Thus,
L"g = L"0(6v/L)g. Then, (3.26) follows by (2.38) and Proposition 1.12

IL"gll, = |L"0(5VL)g]l,
<||L"0(SV'L) || Lo—z |9l
< CT)‘ETHg”P‘



Preparation
Let |[M| < oo and 0 < p < g < oo. Then for any f € LI(M)

Ifllp < |MMP=Ya £,

1/p
£l = ( /| \f\?) < fllo| DL,

For ¢ < oo, we use Holder’s inequality for r = ¢/p and

For g = oo we get

11
~+==1.
.

T.F
1/ 1/q o
)P = (/ ‘f‘q) | M| /p=1/q
M

1/p
T ( / \f\P1> < (AP




3.2. A Generalized Nikolskii-Type Theorem for Ef{:

It is simple to show that in the case |M| < oo, we have for 0 < p < ¢ < oo and

any f € L1(M)

1F 2o vy < [MIYP7H9 £l Lo ar)-
A Nikolskii-type theorem is, in some sense, an inverse inequality that can be applied

to spectral functions in XY, where the spectral radius A comes into play. Before we
present the generalized version, here are some well known special cases.

(i) The theorem for trigonometric polynomials proved by Nikolskii in 1951

53] states that for 1 < p < ¢ < oo and a trigonometric polynomial
T : [—m, 7] — C of the form

o t(jrzr 4 Jaza)
E E Ajy,....ja € ;

Ji=—A1 Ja=—Ag

we have

1Tl o mmpey < 22T AP DO - AP YT (.



To compare with the result below, one may use the derived inequality

d(1/p—1/q)
) Ty PR

1Tl pap— e mje <€ (ﬁ?ﬂ% A

(ii) On R? the Nikolskii inequality takes form for 1 < p < ¢ < oo and a
band-limited function g € L,(R?) such that supp(g) C [\, \]

E CAd(lfP—lffI

”9||Lq(1£ad) )HQHLP(Rd)-

We are ready to present a Nikolskii-type theorem that relates the weighted norms
of spectral functions

THEOREM 3.9. [43] Let 0 < p < q < o0 and v € R. Then there exists ¢ > 0,
such that
(32)  IBGA D gOg < BV og() ], Yge s, A1

Assuming further the non-collapsing Condition (1.20), gives
(3.3) lglly < eAM/P=VDg]l,, VgeX§, A>1



3.7. Orthogonal Polynomials associated with L in the case

M| < >

In this section we focus on the case where |M| < oo (or equivalently, by Theo-
rem 1.5, diam(M) < o). We assume the basic setting, where the doubling condi-
tion (1.14) holds, L is a non-negative self-adjoint operator and the Gaussian upper
bound (2.1) and the weak Markov property (2.45) hold.

ThHeorewMm 3.24. If

M| < oo then:

(i) For any A\ > 1, the spaces of finite spectra X5 are equivalent for all 1 <
p < oo and so we may denote them by 2.

(i) For any A > 1, X\ are finite dimensional and

dim(Xy) < ediam(M )4\,



ProOOF. To prove (i), we first recall that in the case |M| < oo, for 0 <p < ¢ <
oo, we have for any f € L9

Fllp < [MIYP=VA) flg,

and so X5 C X4. At the same time, we have by the Nikolskii inequality (3.3)
for spaces of finite spectra, under the assumption of the non-collapsing condition
(which by (1.17) is satisfied in the case |M| < o0)

1fllg < eX® /2= fll,, Vfe SR A>1.

This proves (i).



To prove (ii), we first observe the following. Let {F)}.>0 be the orthogonal
projections composing the spectral resolution of L such that L = fﬂoc ANE) (see
Definition 1.22). Since X\ = X5, we have that (see Proposition 3.4)

fexselymVDf=feEf=f

We will show that each Ey, A > 1, is an Hilbert-Schmidt operator. Since E) =
1[0 ﬁ](\/f), by Theorem 2.13 it is a continuous kernel operator. Next, since for

any A\ > 0, I/ is a self-adjoint bounded operator on L#, by Lemma 2.3, E\(y,z) =
Ex(z,y), Vo,y € M. We use this and E5 = E), to derive for any z € M

/ Eh(m?y)gdu(y)—/ Ex(z,y)Ex(y, z)du(y) = EX(z,z) = Ex(x, ).
M M



Recall that by (2.54) we have for any A > 1
(3.30)

/M Ey(z,x)dp(x) = /M 1[0}\/;](\/3)(33,:1:)(1;;,(3:) ~ /M Bz, A\~ Y2) | Ldu(x).

Hence, using (3.30) and then (1.17), we can bound the Hilbert-Schmidt norm
of EA

Bsls = [ [ 1BA @) Pduta)duty
= | By o)duo)
M

‘ / Bl A2) dp(a)
M

< cdiam(M)9\Y? < .

I



Since an Hilbert-Schmidt operator is compact, by the Riesz-Schauder theorem (see
59, Theorem 6.15]), the spectrum of F) is discrete and any non-zero eigenvalue has
finite multiplicity. By the Hilbert-Schmidt theorem (see [59, Theorem 6.16]), there
exists a countable orthonormal set { f\ ;},es of eigenfunctions. Observe that in our
special case where E5f\; = Exfa,j, the only non-zero eigenvalue is 1. Therefore,
functional analysis tell% us that dim(¥ ;) = #J < oo. However, here, we can
provide a bound for #J as follows. Obviously the kernel of E is

T y Zf)\,j f}\_}(y)

jeJ

Consequently using the above estimate for [, FEx(x,z)du(x)

= [ 3 1 @) Pduta)

jeJ

_ /M Ex(z,z)dp(z)

< ediam(M)INY? < .



THEOREM 3.25. If |M| < oo and L*(M) is separable, then:

(i) The entire spectrum o(L) is the discrete spectrum and consists of an in-
creasing sequence 0 < A\ < Ay < ---. In the case where dim(L*(M)) =

00, then llm;_,oo Aj = 00.

(ii) Denoting H; := Ker(A\;I — L), then 1 < dim(H;) < oo, and L*(M) =
®,;H;. This further implies that there exists an orthonormal basis of poly-
nomial eigenfunctions {P;,;}, where

LPjy= NP, j=1, 1<1<dim(H;),

and

dim(H ;)
(f, Pj1)Pji, Vfe L*(M).

o '
1 =1

8

~
|

J
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