Preparation for the Markov property
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2.3. Markov-type properties

The classic Markov property of the heat kernel, also known as a Conservative
Markov Transition and Stochastic Completeness, ensures that, while heat is
transported by a solution to the heat equation, there is mass conservation

(2.42) / pi(z,y)du(y) =1, Vi >0.
J M

We have seen in §1.1, several examples for heat kernels satisfying the Markov prop-
erty, including for example, the classical example of M = R? and L = —A, where
the Markov property is satisfied by the normalized Gaussians. By analytic contin-
uation, the Markov property implies

(2.43) / p.(z,y)du(y) =1, Vz=1t+1iu,t > 0.
J Vi



LEMMA 2.22. Assume the Markov property of the heat kernel (2.42) is satisfied.
Let o € CE(R), k > 2d, be even. Then,

(2.46) / o(0VL)(z,y)du(y) = ¢(0), V6 >0,z € M.
Y
2
PROOF. Define 0(u) := ¢o(;y/|ul)e”, u € R, so that p(u) = 0(u?)e ", u € R,.
Under our assumptions, @ is continuous, piecewise C¥, compactly supported and
6 € L'(R). Therefore the inverse Fourier transform holds pointwise

1 A :
O(x) = %/Rﬁ(w)e“”dwj Vr e R.



This allows to proceed with

o(6VL) = 0(62L)e " L
—/ 052\ e 0 N dE,

/ / _521\(1_£w}dE,\d{U.

Applying further the analytlcal version of the Markov property of the heat kernel
(2.43), gives for any € M and 6 > 0

f (0VI)(z,y)du(y) = /9(521,)@-5%(3:,@;)(1;;,@)
M M

= o= [0 ([ pra-weant) ) do



THEOREM 2.23. Assume the Markov property (2.42). Let 6 € C5°(R) be even,
with supp(#) C [—R, R], for some R > 0, and 6(0) = 1. Then, for any f € LP(M),
1 <p<oo and for any f € UCB, one has

(2.47) f = lim (VL) f.

LP §—0

PROOF. By Theorem 2.16, 6'(5\/5) is an integral operator with a kernel satis-
fying for k > 2d

—k+d/2
6'5\/5 r,y)| <eDsp(x,y) <c|B(x,d -1 1+p(:}‘:,y) ;
10 y k(T y 5

where for the last inequality we used (1.30). For any z € M and r > 0, suppose
27715 < r < 275. Then, using the above along with the doubling condition (1.16)
provides



fM\B(:ﬂ r) |9(5\/E) (z,y)|dp(y)
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Therefore, uniformly in M, for any r > 0

(2.48) [ 06VD) a)ldn) 0.
M\ B(z,r) 0—0

At the same time, since #(0) = 1, by (2.46)

/ 5\/— Jz,y)du(y) =1, Vo >0,z e M.
M

Using these properties it is easy to prove (2.47) for any uniformly continuous func-
tion using the same technique used for summability kernels in the Euclidean case.
Let us show this for the sake of completeness. First, observe that by (1.33) and
(2.28) there exists a constant ¢ > 0, depending on #, such that

(2.49) 10(6V/L)(z,-)| <& VYeeM,0<d<1.



Assume f : M — C is uniformly continuous, f # 0. Therefore, for any € > 0 there
exists r > 0, such that for any =,y € M, p(x,y) < r, we have

E
|f($)—f(y)|<%+

At the same time, for this fixed » > 0, by (2.48), we may select § > 0 sufficiently
small, such that

3

4| flloc”

/ 0(6VL)(x, y)|duly) < Vax € M.
M\ B(x,r)



This yields for any z € M, using (2.48) and (2.49)

VI)f(z)
/ )6V, y)du(y)

_/B( )\f() FO(SVL) (2, y)|dp(y) + /M\B( )\f(ﬂ:‘)—f(y)Hﬁ(Wf)(ﬂw)\du(y)

<5 [ 106VD@ldut) + 20l [ 106V, )ldulo)

M\B(x,r)
< e.

The proot for the case 1 < p < oo follows from the density of uniformly continuous
compactly supported functions in L?, 1 < p < o0. []



Frames

4.1. Frames in L?

One of the main goals of function space theory is to construct representations
that can be used for approximation in the corresponding LP(M) norms, as well
as provide simple discretized characterizations of the function spaces: LP, Hardy,
Sobolev, Besov and Triebel-Lizorkin. Perhaps the main starting point for a suitable
representation is to serve as a stable basis of the L?(M) space. Then, generally
speaking, if the elements of the representation also have good regularization and
localization properties, then approximation in other p-norms as well as characteri-
zation of the function spaces is possible.



Classical wavelets [12],[20] are bases of Ly (R%) that are well-localized with re-
spect to the Euclidean metric in space and frequency. Wavelet constructions have
many applications in harmonic analysis, approximation theory, function space the-
ory, as well as signal processing and numerical methods for PDEs. The simplest
example is the univariate Haar orthonormal basis which is perfectly localized in
space since it is compactly supported. It is defined through dilations and trans-
lations {¢; 1}, Y5 = 29/2¢(27 - —k), j, k € Z, where ¢ : R — R is the ‘mother’
wavelet

I, 0<zx<1/2,
Ylr) =4 -1, 1/2<x <1,

0, otherwise.



DEFINITION 4.1. A countable family of elements {1; }, ., contained in a Hilbert
space H, is a frame if there exist constants 0 < A < B < oo such that for any

feH
2 2 2
(4.1) Alfllye < DIFvaml* < BISIZ, -
iel
The upper frame bound means that {,} .c1 15 a Bessel Sequence and that
the operator T': [°(I) — H defined by

T({ci}) = Zﬂﬂbn
icl
is bounded. Its adjoint 7% : H — [*(I) is
T f = {{f,¥i) }ier-
Composing 1" with its adjoint 7™ give the Frame Operator S: H — 'H
Sf=TT"f = Z(fa¢i>¢ia vVfeHR.

tel



One can show that the frame operator is bounded and surjective, which leads to
the frame decomposition

f=88""f= Z(fa ST )i, VfEH.
i€l
One then may choose {t; := S~'1,};c; as the Canonical Dual Frame for {Viticr
that provides the representation

f=Y (fidiys, VfeH

=yl



Why frames are just as useful as orthonormal bases?

Suppose {¢; Yier, {¢iYicr. are a frame for L?(M). That is, for any f € L*(M)

f=> (f, i

i€l
AllFII3 <D K9P < Bl £l
i€l

Then, discrete approximation of coefficients, is equivalent to approximation of
functions. That is, for any f,g € L*(M)

Allf —QHE < Z (f, lﬁﬁ — (9-;1/;@'”2 < B||f —Qﬂg-

el



4.2. Construction of Well Localized Frames

For the following construction, we assume the reverse doubling condition (1.18)
and the Markov property (2.42) hold.

4.2.1. Construction of a Littlewood-Paley Type Frame. Littlewood
and Paley initiated a fundamental branch of harmonic analysis in the 30s, where the
Fourier series is split into dyadic blocks f = ) j A;(f), and then most functional
spaces can be characterized by size estimates on A;(f). G. David, J. L. Journe
and S. Semmes [13] used an idea of R. Coifman to generalize the Littlewood-Paley
analysis to the general setting on spaces of homogeneous type. One constructs

119] useful wavelet representations of functions based on the approximation to the
identity.



To this end, we construct two admissible cut-off functions as per Definition
2.27. First, we select b > 1, sufficiently large, such that */* > 3. where 3 is from
Definition 2.27. Now let ® € C°°(IR), be even, with the following properties:

(i) =1on [—1,1],
(i) 0<® <1,

(iii) supp(®) C [—b, ],

Set U := ® — ®(b-). We note the following properties of W:
(i) 0< WU <1,
(ii) supp(¥) C [=b, —b~ ] U[b™ 1, b,

(iii) We also assume @ is selected such that there exist ¢ > 0, so that ¥ (u) > ¢,

for u € [—b%/4,b73/4 U [b=3/4, p3/4].



Set

(42) ‘I’[] = (I) ‘I’j = ‘I’(b_j*)j j :} 1.

Clearly, U; € C*(R), 0 < W; < 1, supp(¥p) C [~b,b], supp(¥;) C [-0/*F, =/ ~H|U
-t p+l, j > 1, and

YU, =0 +B0b ) -2+ Db )~ Db )+

j=0

Il
[—

We would like to show that {W,} ;>0 provide a Littlewood-Paley decomposition.
That is, for any f € LP(M), 1 < p < oo and for a uniformly continuous bounded
function f € UCB, equipped with the L norm

(43) f= Z 21



THEOREM 4.3. The set {VU;};>o defined by (4.2), provides the Littlewood-Paley
decomposition (4.3).

PROOF. Let 6 := ¥y + ¥;. Then, by the construction § = ® + ®(b™'.) — ® =

®(b~1.), We see that 0 satisfies the conditions of Theorem 2.23 and so the operators
{0(6v/L)}s>0 provide an approximation of identity in LP(M). Next, observe that
for any J > 0, Z"TH U, = 0(b~"7.). Therefore, for any f € L”

=0

lim > U,(VL)f= lim (b~'VL)f = f.

J— 00 J— 00



THEOREM 4.4. The set {V;},;>0 defined by (4.2) satisfies

(4.4) —Hfl\z < Z 19, (VD)fII5 < If1I5,  VF € L*(M).

7=0

PROOF. Let u > 0. Observe that since 0 < ¥, <1, for all 7 > 0, we get

d WEu) <Y Ti(u)=1, YueR.

§=0 §j=0

Next, observe that from the properties of {¥;};>0, any u > 0, is in the support of
at most two function ¥; and ¥, for some 57 > 0. Thus



I—lel (u) ZIIJ (u)

7=0 7=0
_ZIIJQ U +QZIIJ w)W41(u)
7=0 7=0
< ZKIJQ u +22max ,Wis1(u))?
7=0 7=0
< BZKI’Q U
7=0

This yields

(4.5)

o |

Z (u) <1, VYueR.



Next observe that for any f € L?

0 0

Y W, (VI)fI5 =D (WHVL)f, f)

j=0 =0

/ (Z‘Iﬂ ) (Exf, f)

1=0

- [ &Zw )ﬂ&ﬂg

7=0

Applying (1.47) and (4.5) gives (4.4).

(1.47) If13= [ diEAsIBe 1 e




At this point, anticipating the construction of a dual frame that will be pre-
sented later, we choose a parameter

(4.6) o> 2d+ 1,

that will govern the localization property ot the dual frame elements. Then, for a

constant ¢(o,d) > 1, that will be determined by the construction of the dual system
below, we select

1

4.7 0<e=

<1
5



Now choose 0 < v < 1 that satisfies condition (3.14) for the given &

e 1
4.8 Yt < o < =
(4.8) CvY 356
For any j > 0, let \; := ! and X be a maximal §;-net on M with
(4.9) 5; = 1/ (\b?).

Suppose {A¢}¢ex; is a companion disjoint partition of M satisfying (3.6). For any
f € L?(M), we have that V;(v/L)f € Ei}__.ﬁ, and so by (3.15) and (4.8) we have

VIV < 3 1A (VI F©F < 51w, (VI) I

EX;

then for any f € X5, 1<p <2

(3.15) (L=)lIFIE < > |AellF P < (L +e)llfE:

§EX




Together with (4.4), this implies

1 — 3
(4.10) 1B <D Y 14w (VI F©)F < SIFI3.
J=0 £eX;
Note that using Lemma 2.3
/ F() ¥, (VL)(E y)du(y)

- fo@w L)y, €)dpu(y)
U (VI)(-€)).

This leads us to consider the system {t¢}ecx, X := U5 X;, defined by

(4.11) ve(x) = |Ae|'?U;(VL)(2,€), j>0,§ € X



It also has the following properties for all j > 0, £ € &;

(i) Localization - for any x > 0, there exists a constant ¢, > 0, such that
(4.12) [pe(@)| < e BE, 07|72 (1 + 6 p(, €))7
ii) Holder continuity - If p(z,2') < b~/
(i)
e () — e (@) < exl BE D)7V plar, 1)) (1 + b pla, )"

(iii) Norm - Assume the reverse doubling condition (1.18) and the weak Markov
property (2.45) hold. Then,

(4.13) lebellp ~ [B(Eb™)|VP12, 0 < p < oo,

where the constants further depend on p.
iv) Spectral localization - For any 0 < p < o0, c ¥, if £ € Xy and
(iv) y 3 b

e € Efbj_lkbjﬂ] if§ed;,j=>1



PrROOF. The fact that {¢¢} is a frame is derived from their definition (4.11) and
(4.10). Properties (i) and (ii) are a result of the properties of the cut-off functions
®, U, applications of Theorem 2.16 and the equivalence

(4.14) ‘AE‘ ~ ‘B(gv(sj)‘ ~ ‘B(f?f)—j)‘? v e &5 2 0.

Under our assumptions that the reverse doubling condition (1.18) and the Markov
property (2.42) hold and using the equivalence (4.14), we may derive the norm
property (4.13) by application of Theorem 2.28. []

THEOREM 2.28. Assume the Weak-Markov property (2.45) and the reverse dou-
bling condition (1.18) hold. Let ¢ be an admissible cutoff function as per Definition
2.27. Then, for 0 < p < oo and 0 < 6 < min(1,diam(M)/3), we have

(2.58) c1|B(z,8)|' 71 < [lp(6VL) (x| < eal Bz, 0)[VP7Y, Va e M,

where the constants depend on the parameters of the space, p, the properties of ¢
and b.




4.2.2. Construction of a Well Localized Dual Frame. Our next step is
to construct a dual frame {¢¢} to {¥¢} (see §4.1) that inherits its good properties.

1
1+¢

(4.19) ke i= ——|Ae| ~ |B(,0)], VE € X

(VL) (z,y) = Y keW;(VL)(2, 6Ty, [Dx, ())(y). Vi> 0,2,y € M.

$EX;
Recall from (4.11) that
Ve(z) = |[Ael?U(VI)(2,6), Vi > 0,6 € A,

so with k¢ defined by (4.19), setting

1
1+e¢

(4.29) Pe(y) = Ae|'PTy, [Ty, (5 )(y), Vi >0,€ €A,



yields the representation

(4.30) U (VL) (z,y) = > te(z)dE(y), Vj=>0.

§EX;
Our dual system is defined by
(4.31) Je =9, Vj>0,£€ X
We can now list the properties of the dual frame {?,b}} we constructed

THEOREM 4.7. [10]
(i) For any f € LP(M), 1 <p < oo, we have

(4.32) F=3" {fithe)he = > ST (Fo e

=0 E€X; =0 EEX;




(ii) The system {1} is a frame in L?, that is, there exist 0 < A < B < oo,
such that

(4.33) ANFIZ <SS [ de)? < B|fI2, VS e L2

j=0 EEXJ'

(iii) For any j >0, £ € X; and 0 < m < o, where o is from (4.6)

(4:34) L™ e(x)] < eb™ ™ [B(& b)) 2 (1+ b p(x, €))7,
and if p(x,y) < b~
(4.35) e () — De(y)] < |B(E, b)Y 2(b7 p(,y))*(1 + b p(x, £))~°.

(iv) The dual frame elements have the following spectral localizations: ?,5055 e
¥y, VE e Xy and ¢ € Eﬁj_gkbw], VEe X;,j>1,d/o<p<oo.
(v) The dual frame elements have the following estimate of their norm

(4.36) [ellp ~ |B(Eb™)[VPTH2, dfo < p < oo



To establish the representation (4.32), we first note that (4.12), (4.34) along
with (3.9) yield

N7 (@) G (y)] < eDyos o (2,y), Va,y € M.
§EX;

We also observe that by Lemma 2.3

wj(\/z)(yrm) — qu(\/z)(mﬁy)? V) > 0,x,y € M.

This allows us to apply (4.30) and the Littlewood-Paley decomposition (4.3) to
obtain (4.32).

(iii) For any o > 2d and d, > ¢

(39) Z ‘AE‘Dﬁ*}J(xr'g)Dﬁ*}J(yaf) S CD.{"F*}J($?Q):~ vmay ~ M'}
EeX




It remains to prove (4.32) and establish that the dual frame is indeed a frame. To
this end, we require the following lemma

LEMMA 4.8. [10] For the frame {1¢} and its dual {?,byg}, the following hold

(i) For any f € LP(M), 1 < p < oo, there exists a constant c¢(p) > 0, such

that
1/p
(4.38) S L deelt | <cellfllp. V>0,
EEX;
1/p
(4.39) S O e)delln | <cllfllp,  Vi>0.

EX;



For any f € L>(M)

flloo, V35 >0.

et ’ ) o S C ooy laX ’ ) o S C
max [|{f, Ye)elloo < €l flloo,  max|l(f, ve)vel

(ii) For any sequence of complex numbers {agtecx;, j > 0,

1/p
(4.40) Y agte| <c| D llacvelln] .
(EX; P €Ay
1/p
(4.41) Y agte| <el| D llactell?
EEX; EX;
P



Proor. We first show that

(4.42) > le(@)llvelr <e. D [We@)lllbelh < e, Vo e M.

£EX; EEX;

Indeed, applying (4.34). (4.13) and (3.8) with o > 2d, yields

ST e @)elh < e S (L +Wp(,6)77 <e, Vae M.

EEX); EEX,
(4.33) IL™4pe(2)] < eb®™|B(€,077) |72 (1 + b p(x, €))7,
(4.13) [9ellp ~ | BEb™HMP~H2 0 < p < oo,
(3.8) Y (146 p(2,8) 7 <e, Vze M
EeEX




The proof of the other estimate is similar. Using (4.42), the proof of (4.38) for the
case p = 1 proceeds as follows

S KF de)ells < /f 2 | S We@)llvells | dps(z)

EEX; EEX;

<cl|fll.

TEIO proof of (;4.39) for p = 1 is similar. The case p = oo is simpler since
[ |1 1Yl oo s [[90e oo | Pe ]l < ¢, forall j >0, & € X;. To prove (4.38) for 1 < p < oo,



we apply Holder’s inequality with 1/p+1/p’ =1

. devell < ([ 1@ Ieldu)) vl
= ([ 1@ e du) ) el
< ([ @I ielduta) ) 19e vl
< ([ Vr@Iride@lauta)) (delllvel " el
<o) ([ 1@)PIe(elauta) ) el



Summing up over the d-net and applying (4.42) leads to

> Indovely < [ r@p [ 3 We@llvel | dut

X, cex,
< c|[fl]}.

This concludes the proof of (4.38). The proof of (4.39) is similar. We now turn to
the proof of (4.40). The inequality is obvious for p = 1, so we assume 1 < p < 0.
Here, we apply the discrete Holder’s inequality with 1/p+1/p” = 1 and then (4.42)
for any «x € M as follows



D
(

< ¢

> aawafwg(m)wgmwwg(m)wgm”p)

EEX;

p—1
> gl velly Pl (a ) (Z [1he (2 |¢£|1)

e LEX;

p) Y laglP|lvellyPle (x)].

EX;



Noting that (4.13) implies ||1¢||{ 7 ~ [ellh, Vi >0, £ € X, we may integrate on
both sides to obtain the p-th power of (4.40)

p

Y agve|| <c Y laglPllvelly vy

EAX; €X;
EEAX) p §

=c ) lag|”llvell;

£EX;

<y fagl?l|vellb.

X

The proof of (4.41) is similar ]



We are ready to continue with the proof of Theorem 4.7. Using (4.4), (4.30),
(4.40) and (4.13), we have for any f € L

1£113 < BZH@’ L)fl3

7=0

=3) || ) (f, ve)e

<ed > IKfde)vels

J=0EgeX;
<ed > Kol
7=0 EEA%

(4.13) lvellp ~ IB(E b)) [VP~12, 0 <p < oo,




This confirms the lower frame bound of (4.33). In the other direction, we first
note that since supp(¥;) C ([0, =0/ JU B, 0/ *1]), and ¢ € B2 pi+2), for
¢ € Xj, we have by (4.3)
J+2
(fobe)= Y (W (VI)f.de) Yji>0,6€ X

k=min(0,j—2)

Coupled with (4.38) and (4.13) for the case p = 2, yields for any j > 0

J+2
D ol <s Y > (VL) f.de)l
EEX; k=min (0,7 —2) §EX

742

<c > w(VD)f3

k=min(0,7—2)

Summing the above over 7 > 0 and using the upper bound in (4.4), give the upper
frame bound (4.33) for the dual system. [
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