5.12. Sobolev Spaces

In the classical case of M = R?, the Sobolev spaces Wy, reN, 1 <p<oo,are
defined as the space of functions f € LP, whose distributional derivatives 0% f are
also in L? for any a € Z‘L la| < r. The norm of the space is then given by

(5.47) | Fllwy@ay == Y 10° fllp.

la| <7

It is known [32, §1.3], that for 1 < p < oo, an equivalent definition exists using
the Fourier transform. In more generality, for any s € R, one may define the
(inhomogeneous) Sobolev space W (RY) as the space of all tempered distributions

f tor which
(L+]-P)72f)" e L?,

where f is the Fourier transform of f and ¢V is the inverse Fourier transform of g.



The norm is then defined by

(5.48) 1 lws@ay == 10+ 1272 F) Y lp-

The norms (5.47) and (5.48) are equivalent for the case where s is a non-negative
integer and 1 < p < oo, while for a non-integer s > 0, we get the so called

Fractional Sobolev Spaces.
Recall that for M = R? and L = —A, we have for f € D(L)

Lf=(-1*/)".

In correlation with (5.48), this leads to the following definition of Sobolev spaces
in our setting

DEFINITION 5.38. Let L be a non-negative self adjoint operator on M and let
s € R. If for a measurable function f, (I + L)S/Qf c LP, 1 <p < oo, we say that
feWws=W3(L) and we define

| Fllwscny = 1(2 + L)* fll,.



For the case p = 2, we get from (1.46)

sy = | @+ N dIEI
First we would like to see the tollowing

PROPOSITION 5.39. For s > 0and 1 < p < oo, we have a continuous embedding
Wy C LP.

lo(VI)fI2 = / PN NG




THEOREM 2.29. [43] Suppose p € C*(R), k > d, is even and SUD\cR , AW (N)] <

¢, for 0 < v < k. Then the operator o(/L) is a bounded kernel operator on LP (M),
for 1 < p < o0.

PROOF. Since ¢ is continuous and [|¢||s < 00, by (1.48)
lo(VD)|l 22 < @l Loy < c

|90(\/E)f|3—/0 (VNP EAfIIS < llellZ 11 f113.




We now show that the equivalence of the two Sobolev norms (5.47) and (5.48)
for M = RY can be generalized

PROPOSITION 5.40. Let m € Nand 1 < p < oo. Then f € ng if and only if
fe LP and L™f € LP and

H(I + L)me ~ Hf”p + HmeHP'

PROOF. Assume first that f € LP and L™ f € LP. Set

(1+ X2)™
O(N) := A e R.
( ) 1 A \2m

Clearly, (I + L)™ = 6(+/L)(I + L™). Simple calculations show that

sup [N\ (N < o0, Vv > 0.
AER




Since 6 is also in C*°(R) and is even, Theorem 2.29 implies that (v/L) is a bounded
operator on L?, 1 < p < co. Therefore

1L+ D)™ fll, < 10(VD)||o—ro | (T 4+ L™) £l < ]

which yields f € ng.
We now assume f € ngm and prove the inverse embedding. Using Proposition
5.39 we already know that f € LP, and | f|l, < ¢[/f[[wzm. It remains to show

Fllp +11L™ fllp),

IL™ fllp < c|lfllwzm. To this end we use
_ )\Zm
A(N) = . AeR.
() (14 A2)m™

to obtain the representation L™ = é(\/f) (I + L)™ and proceed similarly as above.
[]



5.2. Besov Spaces

We will introduce two versions of Besov spaces associated with L. The first
are classic Besov spaces B; - which for s > 0 and p > 1 can be identified as
approximation spaces of linear approximation in LP from the spectral spaces >4

(see Definition 3.2). The second type E;} g are related to nonlinear approximation
for certain indices.

First, in-line with previous definitions of admissible cut-off tunctions, we pro-
vide another type of admissibility which is less restrictive

DEFINITION 5.15. We shall say that a pair of real-valued even tunctions g, © €

C5°(R) are admissible of weak-type if they satisfy the following conditions for
b > 1:

supp(po) C [=b,b], |po(A\)| = ¢ >0, for X € [-b*/4,b%/1],
supp(p) C [=b, —b" U b7L,0], |o(\)| > ¢ >0 for A € [=b3/4, —b=3/4 U [b=3/4,b3/4).



DEFINITION 5.17. Let L be a non-negative self-adjoint operator on M, s € R
and 0 < p,qg < o0o. Let o, € C5°(R) be any admissible pair in the sense of
Definition 5.15 with b > 1. The Besov space B} , ¢ < 00, is defined as the set of
all f € D, such that

1/q
o>

(5.14) I fllss, = [ D_(07le; (VL) fllp)? | < oo

j=0

With d > 0 from (1.15) playing the role of dimension, the Besov space B;}q:, q < o0,
is defined as the set of all f € D’, such that

1/q
>

(515 Nfllg = [ SUIBCOD) (VDS | < oo

j=0

The above discrete g-norms are replaced by the sup-norm if ¢ = oc.



It is easy to see that the Besov spaces B} , By , are (quasi-)Banach spaces. We

point out that the normalization of the norms of E;}q by the parameter d is in-line
with the classic theory of Besov spaces on R?. We see that in special cases, such as
M =R?, where |B(z,r)| ~r%, Vo € M, r >0, then BS  ~ B5 .

Next, as in the classic theory for M = R [32, §2.2], we need to ensure the
consistency of the definition of the Besov spaces in the following sense

THEOREM 5.18. [43] Fach of the two types of Besov spaces is equivalent with

equivalent norms for any choices of admissible pairs g, @ of weak type and param-
eter b > 1.



5.4. Characterization of Besov Spaces by Linear Approximation From
Spaces of Finite Spectra

It is natural and classical to characterize the Besov spaces B . with s > 0
and 1 < p < oo, by means of linear approximation from ‘polynomial’ spaces [21].
Here we show a generalized version for X%, A > 1. First, recall from (3.24) that for

felP(M),1<p<oo,or feUCB for p=

Ex(f)p = gglgp If=9gllp. A=1.
A



DEFINITION 5.21. The space A;}q, s> 0,0 < qg< o0, is defined as the set of

functions f € LP, for which the following norm is finite

( . 1/q

(950&,, q) L 0<q< oo,
o = 1+ (ZszoZ2E0 (D0 1=
Sup;> 29 E9i (f)p g = 0.

[fllas , = [lFllp +1f

THEOREM 5.22. [10] Let s >0, 1 <p < o0, and 0 < q < oco. Then f € B, , if
and only if f € A} , and

1fllBs, ~ IIf]

5 .
AP:Q



Preparation: Hardy discrete inequality

For s > 0 and 1 < g < oo, define the sequence norm for a = {ak}?:{]

o0 1/q
lalls,q == (Z 2“%) -
k=0

Then, if for two sequences a = {ar}2,.b = {br}re,, there exists ¢y > 0 such
that

=

k| < co Z a;l, VE=>0,
=k

then
0]

S.q E CC{]H‘I| S.q"



Proof Take 0 < 8 < sand let 1/¢g+ 1/¢' = 1. Then

bl < oy [27%]a (127"
j=k
- Va s 1/q’
< ¢ Z[ng‘aj“q Zz_‘qur
j=k j=k
1/q

o

< 2™’ Z[Q‘jg‘aﬂ]q
i=k



This gives

q}q _ Z[Qk(g_Q)QkQ‘kaq
k=0

< e SRR )
k=0 j=k

— Z Z[gk(s—é?)gj(ﬁ—s)]q[gjs‘ajHq
k=0 j=k

=c ) [2%]a;]]? (22 (k=4)(s= 9”)
=0 k=0

< cllall$q-




PROOF. Let ¢q, ¢ be a pair of admissible cut-off functions, with b = 2, supp(yg) C

[—2,2], supp(yp) C [-2,—1/2]U[1/2,2], ; == (277+), j > 1, satisfying > °2 j¢; =
1 (see §4.2.1). Suppose f € B, ,. We first need to verify that f € LP. It is easy

to see that ||f|[ps < ||fllBs, , for any 0 < ¢ < oco. This implies ||goj(\/f)f||p <
CQ_jSHfHBf,,qa for all j > 0, and so E?i[] 903(\/3),}" € LP, with | Z?i() @j(\/z)fﬂp <

cl|f| B - At the same time, with the special choice of the pair of admissible cut-

off functions, we also have by Theorem 5.13(ii) that f = z;.iﬂ 0;(VL)f in D
Theretore f € LP, and the Littlewood-Paley decomposition holds

[ = > 0 (VL)f.

§j=0




Since Z 0 goj.(\/—)f € Yom, m > 1, we obtain an estimate for the linear approx-
imation from >0 m defined in (3.24)

(5.27) Eam (f)p < Z lo; (VL) £l

Using (5.27) we may apply the discrete Hardy inequality (see e.g [21, Lemma 2.3.4])
to obtain for any 0 < ¢ < o©

> @5 Ean (D) < e3P (VI) )"

Using (5.27) also provides for ¢ = oo
sup 2™ Em (f), < csup QjSHgoj(\/E)pr.

m>0 >0

Thus, we may conclude the first embedding || f] 2| f]

A3 4 B3

1 q



In the other direction, let f € A7 . Note that for any g € ¥, and j > 1,
wj(\/f)g = (0. Theretore, for any f € LP, using also Proposition 1.12

le; (VL) fllp = lle; (VL)(f — 9)llp < cf

f=allp.
This yields
loi (VD) fllp < cEoir(f)p, Vi > 1.

Obviously, we also have by Proposition 1.12 the estimate ||oo(VL)f|l, < ¢
Together, these estimates give || f|lps < c[/f|

flip:

AP g u




5.5. Lipschitz-Besov Spaces

Let g, p € C5°(R) be any admissible pair in the sense of Definition 5.15 with
b > 1. The spaces B? s > (, with the norm

00,00 7

1£1lBs, . =sup2*[l9;(VL) £l
7>0
can be identified as Lipschitz spaces. Indeed, we provided in §1.1.2, the example
of the case M = RY, where this Littlewood-Paley characterization is equivalent to
the classical definition of Lipschitz spaces through finite differences.

Let us see this in our general setup. The classical Lipschitz spaces, Lip(s),
0 < s < 1, are defined as the set of all f € L> (M), such that

f(z) — f(y)
1/l incs) := || f|loo + sup < 0.
P ety P(T,Y)°




Here, we extend the range to s > 0 (putting aside the notion of higher order
differences or derivatives as in [32, §1.4]). For the characterization, we first recall
the following. By Proposition 3.3, for any g € 257, A > 1

(5.28) 9(x) — 9(y)| < cllglloc(Np(z, ), Vz,y € M.

THEOREM 5.23. Assume the Markov property (2.42). Then, the following con-
tinuous embeddings hold: For any s > 0

Lip(s) C B

00,00 !

and for any 0 < s < «, where « is the structural constant from (2.2)



ProoOF. Let f € Lip(s) and choose ¢ € C§°(R), even, with o =1 on |—
0 < ¢ < 1andsupp(yp) C [-2,2]. Since f € L*, by Proposition 1.12, o(A~!

1,1],
L)f e

L>, for all A > 1. Using (2.46), (2.28) with A > 1, kK > s+ 3d/2 and (1.33), we

derive for any x € M

POVD @)~ S@)] = | [ o0V @) () — Sty
< el flins) /M D1 (2, 9)0(z, y)°du(y)

< cA™° f Lip(s)/ Dh—l,k—s(may)dy’(y)
M

<_: cA° f Lip(s)-




Since (A 1\/_)f € 235, VA > 1, this implies f is in the approximation space asso-
ciated with linear approximation from spaces of finite spectra A3, (see Definition
5.21), with || f| | fl| Lipes)- By Theorem 5.22 this means f € Bj with
1Fllss. . < cllFllzinte)-

We turn to prove the inverse embedding for 0 < s < a. We use a construction
of cut-off functions we have used before, where ¢y € C5°(R), even, with pg =1 on
—1,1], 0 < g < 1 and supp(¢g) C [—2,2]. Then we construct ¢ := @y — ©g(2-)
and ¢, := @(277.), for 7 > 1. This give the partition of unity Z;}iﬂ p; = 1. For

f € B3, ., we have po(VL)f € ¥3° and ¢; (VL) f € ¥%,,, for j > 1. We also have

A.‘:

oo, 00?7




1o (VL) flloo < ¢277%| f||ps. _, forall j > 0. This means that the Littlewood-Paley
representation of f converges in L™ to f

f(x) = Z@j(\/z)f(m), Vo € M,

=0
and that

(5.29) [flles < cllfllBs, o

Now, assume z,y € M, with 0 < p(z,y) < 1. Let J > 0, such that 2=/+1) <
p(x,y) <277, Applying (5.28) gives

0 (VL) f(z) = ¢; (VL) F(y)| < ellpj (VL) flloo(@ p(a, )™ 0<5 < J—1.



This leads to

Z ;i (VL) f(x) — (VL) f ()]

J—1 o0

§=0 j=dJ

& f B&,mp(ma y)S



The case p(x,y) > 1 is simpler. Indeed, using (5.29)

f(z) = f(y)
p(z,y)°

<2 flle < cllfllBs o
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