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1. Introduction
In this work we present a construction of a deep-learning (DL) based solution for the inverse problems of source
refocusing, which performs well even with high levels of sensor measurement noise. We simulate acoustic waves
propagating in an underwater medium and record the data, over time, at a small number of sensors placed in the
domain. Given these measurements, the properties of the medium and the location of the sensors, we aim to find the
area of the original source that generated these measurements.
Since we only have information at a very few locations, this is a highly ill-posed inverse problem. Inverse problems
[1, 6, 12, 15, 27, 28], are ill-posed and therefore the desired solution does not necessarily exist and if so, may not be
unique. Furthermore, small perturbations in the data may lead to large changes in the solution. Hence, the presence
of measurement noise in the sensors makes reconstructing the initial data very challenging. The application of inverse
problems includes a variety of fields such as acoustics, geophysics, material testing (including non-destructive testing)
and more [1, 2, 3, 19, 26].
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Fig. 1: Example of a series of synthetically generated recordings in a single sensor. The upper figure shows noise-less data of the incident (free
space) signals while the middle and lower ones show slightly and highly perturbed signals (respectively)

In a physical experiment, an initial pulse creates a wave that propagates throughout the medium from time 0 to
time T (also called the forward process). The wave pressure is then recorded in a small set of sensors placed in the
interior of the domain (in section 4.3 we discuss a popular case where sensors are placed on the boundary of the
domain). We can use only the recorded pressures for analysis. An example of synthetic sensor recordings is shown in
Figure 1. In this example we see of a series of synthetically generated recordings at a single sensor. The upper figure
shows recorded data of an incident (free space) signal. The middle shows slightly perturbed recorded data of the same
incident signal and the lower shows a highly perturbed signal (the perturbations in this case are normally distributed
multiplicative noise, further discussed in section 4.1).
It is often sufficient to find the location of the source, rather than the full initial pattern. Many studies have
tackled this problem. One approach includes using the Time-Reversal (TR) [7, 9, 13, 14, 20, 25] method to back
propagate the waves through time until the initial source is found. One drawback is that the backward process has to
be computed which is a costly procedure. Another drawback is that when using a very small number of sensors the
method struggles (in real applications the number of sensors may be limited by budgets and or physical constraints).
Another approach is approximating the source location from the arrival time of the incident wave [4, 5, 21, 24, 29].
In addition, one can use the adjoint method for for this inverse problem [34]. These methods usually require more
a-priori knowledge about the problem.
The use of machine-learning (ML) for solving PDE related problems is accelerating rapidly [22, 23, 30]. ML
algorithms aim to fit input data to corresponding outputs. Learning methods have many strengths such as the ability
to fit a non-linear problem, robustness to the problem definition, and rapid convergence (compared to optimization
problems). A major drawback of learning based algorithms is that, while performing well on the specific task they
are designed for, they often struggle when injected with variant data. For example, a classifier built to locate cars in

Adar Kahana etal / Journal of Computational Physics (2022)

3

an image, may fail to locate trucks even though the vehicles are very similar. Using ML for PDE related applications
is a challenge since the data is often noisy, which makes it difficult for the ML algorithm to fit the problem.
In this work we use a numerical scheme to synthetically generate data of forward acoustic wave propagation. We
store data only in a small set of sensors placed around the domain. This mimics a physical experiment. Then, we
use this data to approximate the location of the support of the source using TR and ML. We propose a deep-learning
based method that performs well even with high measurement noise (noisy data). We create a method that utilizes
both deep-learning and time-reversal to achieve high accuracy, and noise robustness. We formulate the problem as
a data-driven problem with time dependent data at a small set of sensors. The first part of the method is a neuralnetwork that estimates the noise level of the sensors data. We then train a neural-network for identifying the source.
In this part we incorporate the TR method, known for being robust to noise [7], within the neural-network. For each
sample, we infer the noise level using the noise level inference neural-network and based on that we use a TR-based
neural-network trained to infer the source location for measurements with similar noise level. We discuss the inverse
problem mentioned above and show the performance of the method, being able to locate sources in the presence of
high measurement noise. The computations are done in a two spatial dimensions setup, but this approach can also
be implemented for three dimensions with an increase in the computational effort. In addition, we add a physicallyinformed loss term that incorporates the wave problem into the deep-learning algorithm and yields better results.
We point out that there are naive approaches for source refocusing using deep-learning. We initially tried a simple
approach where we train a network with sensor data as inputs and the source images as outputs. For the noise-less
case we achieved an excellent reconstruction. However, already at 10% of measurement noise (the noise will be
defined later in this paper) the network fails even when training the network using noisy measurements. This setup is
described in section 4.2. In addition, as shown in the results section (section 4), using TR alone (in the presence of
high noise) does not produce results that allow one to interpret and extract the sources locations. The failure of the
naive approach and the standalone TR method [14] motivates the construction of an improved methodology.
2. Numerical development
2.1. Mathematical formulation of the physical problem
The wave problem is given by
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∂Ω1 ∪ ∂Ω2 = ∂Ω

−x , t) is the wave amplitude or acoustic wave pressure, and c(→
−x ) is the wave propagation speed (assumed
where u(→
constant throughout this paper). The problem initial conditions are set by u0 , v0 for the initial acoustic wave pressure
and velocity, respectively. The boundary conditions are set by f, g for the Dirichlet and Neumann boundary condition
types, respectively. Throughout this paper, Ω is considered a two dimensional rectangular domain, and the initial
conditions u0 , v0 are compactly supported in Ω. In addition, throughout the paper we discuss only Dirichlet boundary
condition, so ∂Ω = ∂Ω1 . The specific problems (choice of initial and boundary conditions, domain, parameters, etc.)
are defined in section 4.
For given initial conditions (u0 , v0 ) and boundary conditions ( f, g), there exists a unique solution. In addition,
since the wave problem (1) is well-posed, small changes in the initial conditions result in small changes in the so−x , t) that satisfies the wave equation given initial and boundary
lution. Solving the problem through time (finding u(→
conditions) is often referred to as solving the forward problem. The source refocusing problem, which is the focus
of this work, relates to solving the inverse wave propagation problem. In this case, we consider measurements of the
−x , t) at a very small set of spatial locations and at equally spaced time steps, and use them to reconstruct
solution u(→
the support of the initial source. We operate only using the pressures (u), while the velocities (v) are not stored nor
updated at any point. This inverse problem is ill-posed. In the following subsections we discuss how to approximate
the solution of the forward problem, and create synthetic data for solving the inverse problem. In a real-physical
experiment, the data is gathered from measurement devices.
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2.2. Numerical scheme for the forward problem
We discuss a method to approximate the solution of the forward problem to create synthetically generated data.
To approximate the acoustic pressures in the domain we use a finite difference scheme. We discuss the problem in
two spatial dimensions, but the method can be implemented for three spatial dimensions as well. We use a rectangular
grid of size N x × Ny , with equally spaced spatial nodes with lengths ∆x and ∆y in each axis. We choose an initial
condition, specify a Dirichlet boundary condition on the entire external boundary, and compute the solution inside the
domain. The method to choose an initial condition is explained in detail in section 2.3. The sensors that ”record” the
N sensors
solution are grid points (nodes) {(xk , yk )}k=1
, and the number of sensors N sensors is much smaller than the number of
nodes on the grid (typically 5-10 sensors in physical experiments).
We approximate the solution of the wave problem in space and time using the explicit compact second order
accurate finite difference central difference (FDCD) scheme in both space and time. The time step is limited by the
Courant-Friedrichs-Lewy condition:
1
(2)
∆t ≤
q 
,
cmax 2 ∆x1 2 + ∆y1 2
where ∆x and ∆y are the distances between two adjacent grid points in the directions x and y respectively.
We begin with the given initial condition and use the numerical scheme to propagate the waves for N steps time
steps (forward process) and record the data in the sensors. After simulating the forward process we get a matrix of size
N steps × N sensors , containing the synthetically generated acoustic pressure measurements received in all the sensors in
each time step. The sensor data is then perturbed by a normally distributed multiplicative noise (detailed formulation
given in section 4.1). We synthetically perturb the sensors data with multiplicative noise because the amount of
noise scales with the acoustic pressure, and with a large amount of noise the original signal is not recoverable. It is
well known that signal processing under multiplicative noise is more difficult than under additive noise, due to the
nonlinear nature of multiplicative noise. Throughout the paper we discuss the multiplicative noise and in section 4.3
we explore additive noise as well. We also experiment with changing the noise distribution, using either normally or
uniformly distributed noise.
2.3. Sources dataset
We formulate the source refocusing problem as a data-driven problem. We choose a random node on the grid
which serves as the location of the source that starts the emission of the the acoustic waves. Each random choice will
be called a sample, and the total number of samples is N samples . The initial condition is a compactly supported pulse,
often implemented as a point source or a thin Gaussian (we also experiment with a thick Gaussian). We experiment
with different sources and elaborate on how we choose them in section 4. For each sample we simulate the forward
process and record the pressure in the sensors. Each sample has unique sensor recordings - different source locations
N steps ,N sensors
produce different pressures in the sensors over time. As a result we get sensor recordings {um (tn , xk , yk )}n=1,k=1
for each sample m = 1, ..., N samples . After simulating the forward process for all the samples, we get a 3-dimensional
matrix of size N samples × N steps × N sensors . This is the input to the learning algorithm. The specific choices of parameters
are given in section 4.
The goal of the DL model is to output ũ0 from which one can extract the location of the source given by the initial
condition u0 . We are only interested in finding the location of the source. For training a DL algorithm we need to
define each sample as input and output. The DL algorithm is trained to, given these inputs, infer the outputs. We
assume the output, also referred to as label, is a compactly supported square blob inside the domain, where inside the
blob each node has value 1 and outside it, the value 0. The formulation is given by:



xm − S support ≤ x ≤ xm + S support and ym − S support ≤ y ≤ ym + S support
1,
m
u0 (x, y) = 
,
(3)

0,
otherwise
where (xm , ym ) are the coordinates picked for the source of the mth sample, S support is the chosen size for the support
th
and um
0 (x, y, 0) is the initial condition of the m sample. In section 4 we define the S support used in the numerical
experiments. The source can be placed anywhere in the domain including on top of a sensor. In some applications,
the device used to emit the wave can also record pressure - in other words, the source is also a sensor. In this work
we have a single source and a small set of sensors and the location of the source is completely arbitrary. We mark the
N samples
labels set as {Oqsource }q=1
. We get a 3-dimensional matrix of size N samples × N x × Ny . For each sample, the binary
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image of the source is the label we want to predict in order to find the location of the source. These binary images
are different from the actual source pattern (shown in Figure 8 in the leftmost and rightmost images of the noise-less
case). However, since we are interested in the location of the source, we can calculate the center of mass of the binary
images to get the location, and compare it to the known source location. This is also how we evaluate the performance
of the method (as explained in section 4.4). This method was chosen so we can use the physically-informed term
(introduced in section 3.4) for this model.
2.4. Time-reversal
The idea behind the TR procedure is to solve the wave equation “backwards in time” and examine events that
occurred in the past, exploiting the reversibility property of the acoustic wave equation in a non-dissipative medium.
The TR procedure is known to be robust to measurement noise [7, 9, 13, 16]. We are interested in utilizing the
TR process to compensate for the sensitivity to measurement noise, often experienced when using deep-learning
algorithms.
For the same time interval [0, T ], used in the forward process, we substitute τ = T − t and solve the same wave
equation (1) from τ = 0 to τ = T . This is called the backward process. After the backward process is finished we find
−x ). This method does not work for dissipative problems, such as heat dissipation.
the pressure at the initial time, u0 (→
It relies on the time reversibility property of the wave problem. When substituting τ, the second derivative in time is
multiplied by a minus twice, so the coefficient of the time derivative stays the same. For equations with an odd time
derivative, the term changes sign, and the problem changes.
If we had access to the pressure in the domain at every node on the grid, at times T and T −∆t, we could reconstruct
−x ) perfectly. This is based on the time reversibility property of the wave equation. However, in our study, we have
u0 (→
access only to the sensor recorded data. Since the number of sensors is much smaller than the number of nodes on the
grid, perfect reconstruction of the initial condition is not possible. Fewer sensors imply a worse reconstruction of the
initial condition. Using the TR process we still manage to get good, yet partial reconstruction of the initial condition.
The partial reconstruction of the initial condition still holds important insights. First, if one is interested in the
source location (coordinates only), the reconstruction often shows a distinct peak in that location. This can be leveraged to find the source. The information from each of these images can help identify the source. In addition, the TR
method has been empirically proven robust to noise, an attribute which we want to leverage as well.
3. Deep-learning framework
We introduce an innovative design composed of four blocks:
1.
2.
3.
4.

A pre-processing neural-network that estimates the noise level of the sensors recordings.
TR based backward process.
Convolutional layers that sharpen the TR results.
Physically-informed layers, generating a loss term used only during training.

The input to the first part are the sensors recordings. Based on the noise level, the sensor recordings are sent to
a refocusing network that has been trained on measurements with a similar noise level. The TR process recreates
the source image from the noisy measurements and the convolutional layers sharpen this source image. Finally,
we discuss the physically-informed loss term that utilizes the wave equation and helps the convolutional part of the
network train better. We now discuss how each block functions and the contribution to the overall method.
3.1. Noise inference network
Neural networks are trained to receive specific input data, and infer corresponding output data. When there is
large variation between the inputs, the networks tend to struggle with producing the outputs. In this case, the variance
comes from the measurement noise. When training the source inference network (described in section 3.3) using a
training set composed of representative samples with different noise distributions, the network failed to converge. The
proposed solution is to train several source refocusing networks, so that each network is trained with input and output
data created using the same noise distribution.
We focus on normally distributed multiplicative noise N(0, σ2 ). We calculate different noise levels for different
values of σ. We create l sets of samples such that all the measurements in a set are perturbed with normally distributed
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multiplicative noise with σl . In this case all the samples have similar noise level and a source inference network can
be trained for this set of samples (as shown in section 4).
To execute this, we first create a noise inference network. The purpose of this network is to infer the noise level of
the recorded pressures of each sample and act as a gate, deciding where to send each sample. This network receives
noisy sensors recordings and infers the noise variance σ (single scalar output). After inferring σ we find the closest σl
and the sample is sent to a source inference network trained on a set of σl noise level samples. This network has five
convolutional layers (with 32 one-dimensional filters of length 7), followed by four fully-connected layers of sizes
1000, 500, 100 and 1 respectively. The architecture was designed by trial and error until high accuracy in inferring
the noise level was achieved. This idea can be extended to support other noise distributions as well. For example, in
section 4.3 we test the method with uniformly distributed additive noise.
3.2. TR backward process
The TR block is composed of a set of FDCD layers (described below). Each FDCD layer computes a single
time-step. By cascading multiple FDCD layers, the computation of the backward process is done inside the network.
This brings many possibilities for adding weights to the network. For example, adding weights after each step to train
the network to refine the analytic backward process with respect to the output.
FDCD layer
The goal is to create a custom layer in Keras [10] where the input is the solution on the domain at two consecutive
time-steps and the output is the image at the next time step. The input of the backward step is the sensor recordings.
Therefore, we first create an initialization layer that receives the sensors recordings as input and builds two images of
the domain, one for the next and one for the current time step, initialized with zeros. We set the sensor recordings at
time steps T and T − 1 in the next and current images respectively.
We approximate the solution of (1) using finite-differences. Using a simplified notation:
uni, j ≈ u(xmin + i∆x, ymin + j∆y, n∆t),

i = 0, ..., N x ,

j = 0, ..., Ny ,

n = 0, ..., Nt .

Where xmin and ymin are the lower bounds of the x, y axes, respectively. Assuming a constant velocity on the entire
grid, we want to approximate utt = c2 (u xx + uyy ). The central-difference approximation is given by:
n
n−1
un+1
i, j − 2ui, j + ui, j

∆t2

 n

n
n
n
n
n
 ui+1, j − 2ui, j + ui−1, j ui, j+1 − 2ui, j + ui, j−1 

 .
=c 
+
∆x2
∆y2
2

(4)

For the forward process we solve for un+1 while for the backward process we solve for un−1 .
For the backward process, the FDCD layer receives as input the images of the next un+1 and current un time steps
and all the sensor recordings. The layer computes un−1 time step using (4). We substitute the approximate values only
at the sensors nodes with the recorded values available to us at the corresponding time step. The output of this layer
is the current un and the un−1 time steps. We cascade n FDCD layers so that the output of the last one is u0 .
This implementation uses Keras and is part of the network itself. This gives the flexibility to later on add trainable
weights to the FDCD layer and create a trainable backward process. In addition, a non-linear activation can be
attached between the time steps, resulting in a non-linear backward process computation. These are useful in the
presence of measurement noise where the problem is highly challenging. We experimented with applying these but
decided to introduce them in a future publication.
3.3. Convolutional sharpening
Observing the output of the last FDCD layer (intermediate hidden layer) we see a distinct reconstruction of the
initial condition, in the case without measurement noise. It is present in the middle image of a) and b) in Figure 8.
For high measurement noise the TR method struggles as presented in images (c-f) in Figure 8. Therefore, we need to
enhance the image to do the refocusing.
After the TR backward layers we apply convolution layers to extract a clear image of the support of the source
from the backward output. The output of the backward step of the TR process is an approximation of the initial
condition u0 , which is an image of size N x × Ny , and it is used as the input to the sharpening block. We apply five
convolution layers with a varying number of filters to this reconstructed initial condition. A schematic of the network
architecture (with both the TR and convolution blocks) is given in Figure 2.
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Fig. 2: Schematic of the proposed network architecture

Since the output of the TR block is an image of size N x ×Ny we chose convolution layers. Convolutions are suitable
for images because they are able to capture local connections in pixels close to each other. They are commonly used
for imaging applications that involve DL. The convolution kernels we use are of size 5 × 5. The intuition for this
kernel size is the desired compactly supported binary sources mentioned in section 2.3. The 5 × 5 kernels capture the
edges of the compactly supported binary sources. The number of channels (number of convolution filters) chosen are
16, 32, 32 and 16, and they were chosen by trial and error.
The convolution layers, in this case, are used to sharpen the initial condition image reconstruction, and extract
the binary support of the source. After the network is trained and the weights of the convolution layers are fitted
for the problem, the output of the network is a clear image of the same size, showing the location of the source.
The convolution layers are followed by the Rectified Linear Unit (ReLU) which is a non-linear activation function
(x → max(0, x)). We exploit a strength of the neural network - the ability to fit non-linear problems. We tested the
method also using adaptive activation functions [32, 33], which have been useful for PDE related DL models. In this
case they were not effective. A plausible explanation is that the proposed method approximates the medium properties
(binary images) and not the solution of the PDE itself.
In the presence of high measurement noise, the outputs of the TR process become harder to interpret. Solving
source refocusing problems, traditional methods commonly define a score function for the source compact region
and locate the source based on higher scores [14, 16, 20]. These may fail because with high measurement noise the
behavior of the refocusing changes and a unified scoring function that supports all cases may not exist. However,
using the sharpening block, the source inference network does learn these extreme cases as presented in section 4.
Moreover, with varying levels of noise the task becomes even more challenging. Training multiple source inference
networks to infer sources from measurements with a similar noise level means that the convolution layers are trained
uniquely for measurements with that noise level, resulting in a more accurate network per noise level.
The last layer of the network is followed by a sigmoid activation (x → 1+e1 −x ). The sigmoid function serves as
a good differentiable approximation to the Heaviside step function. Each pixel in the output of the network is a
probability so after using the sigmoid activation these probabilities are centered around 0 and 1, suitable to the binary
output we want.
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The loss function we used to train the network is the Negative Log-Likelihood (NLL) defined by:
NLL = −
N

NX
Ny
Nx X
samples X
1
(Oq )i, j log((Õq )i, j ),
N samples · N x · Ny q=1 i=1 j=1

(5)

N

samples
samples
for the set of true labels {Oq }q=1
and predicted labels {Õq }q=1
.

3.4. Physically-informed loss term
We use the physical problem to create a unique loss term based on it, in addition to the loss term defined in
(5). This makes the network “aware” of the physical problem and utilizes this knowledge to converge faster and
produce more accurate results. We propose an innovative way to include the numerical scheme used to approximate
the forward solution of (1) over time, inside the network.
To create the physically-informed (PI) loss term, the sharpened estimation of the initial condition is used to forward
propagate an approximate solution. Recall that the input to the source inference network is the data in the sensors
and the labels. During training the predicted labels are compared to the true labels using the NLL loss as explained in
section 3.3. We propose to use the predicted labels, in addition to the NLL loss computation, as inputs to the forward
wave propagation process. We use FDCD with the estimated source image (the predicted reconstruction of the initial
condition) to forward propagate the waves for N steps and compute the sensors recordings as explained in section 2.2.
N steps ,N sensors
We have the true sensor recordings {uq (tn , xk , y x )}n=1,k=1
for each sample q = 1, ..., N samples and the ones calculated
N

,N

samples sensors
from the forward process with the reconstructed image as {u˜q (tn , xk , y x )}n=1,k=1
. We compare these values via the
Mean Squared Error (MSE) given by
v
u
u
tNX
samples N
steps NX
sensors
X
1
|uq (tn , xk , y x ) − u˜q (tn , xk , y x )|2 .
(6)
PI =
N samples · N steps · N sensors
q=1 n=1 k=1

Since the forward process is a differentiable procedure, the automatic differentiation mechanism in Keras [10, 8]
recognizes it and the loss can be used in the training process. The PI loss acts as a penalty term when training the
network. Therefore, it does not replace the NLL loss. The loss we use in training is a combination of these two losses,
given by loss = αNLL + (1 − α)PI. To choose α we run the training process for a few steps and print the values of
NLL and PI. In this case, the losses were of the same order of magnitude and thus we choose α = 0.5.
We emphasize that the data used for the forward propagation inside the PI loss computation is the binary supports
(ground truth, see equation (3)) and probability images inferred by the sharpening block (predictions). They are
different from the actual initial condition. It makes sense to compare them since the blob acts as a source, able to
generate propagating waves. In addition, if the network is able to make accurate predictions, the probability images
should be close to the ground truth images, and the sensor recordings in both cases are comparable. In this case, we
have a two dimensional step function and thus a non-smooth initial condition. When creating the sources in such a
way, we expect numerical artifacts to appear when using the explicit finite-differences scheme to simulate the forward
process. However, these artifacts can be neglected since the learning algorithm finds the patterns in the data regardless
of these artifacts, as shown in section 4. In addition, we compute the forward process for both the true binary source
and predicted binary source as desired.
4. Numerical tests and results
4.1. Setup
We created 5,000 samples as described in section 2. The grid size we used is 128 × 128. The size of the medium is
[0, π] × [0, π]. We used 8 fixed sensors as shown in Figure 3. The generated source locations are completely arbitrary.
Identical samples (choosing the same source location more than once) were generated and included in the data-set.
We emphasize that the small number of samples was chosen deliberately based on the limited available computation
resources. In addition, in the noise-less case the number of nodes on the grid is 1282 = 16, 384, so using only 5,000
samples does not cover the number of possible samples. With noise, each sample is perturbed randomly so we have
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Fig. 3: Sensors placement used in the experiments. In this example we have a random source at x = 1.14, y = 0.42

Fig. 4: Comparison between a noise-less sensor recording and the same sensor recording with σ = 0.3 noise applied to it in the same scenario

an infinite number of possible samples and we use only 5,000. For these settings, the total storage size of the dataset
is 1.5 GB.
The parameters we used are c = 1484 ms (average acoustic wave propagation speed in the Mediterranean sea),
π
−6
≈ 0.025 and ∆t = r  1
∆x = ∆y = 127
 ≈ 8.33 · 10 . We chose the number of time steps as 500 such that,
c

2

1
∆x2

+

1
∆y2

for these parameters, the wave-front impacts all the sensors (for every source location). A large number of time steps
causes higher memory consumption and slower training, and 500 is a good balance between enough recorded data in
the sensors for the model to train on and a small data-set consuming less computational resources.
The initial condition used for the forward wave propagation when creating the data is a small compactly supported
Gaussian eruption. The boundary condition we use is a homogeneous Dirichlet condition on both the vertical and
horizontal boundaries, mimicking an acoustic wave propagation physical experiment conducted inside a pool. Thus,
reflections from the boundaries return to the sensors and more data about the waves is recorded, compared to using
absorbing boundaries (mimicking an open boundary, waves propagate in an ocean for example) where there are
no reflections. We experimented with the absorbing boundary conditions as well and the results of that specific
experiment are given later in this section.
We add synthetic noise to the sensors data using normally distributed multiplicative noise. Each recording is mulN steps ,N sensors
tiplied as follows: {u(tn , xk , yk ) · N(0, σ2 )}n=1,k=1
. The parameter σ is the variance of the noise. In our experiments
we used the sequence σ = 0, 0.1, 0.2, ..., 1, so we have 11 different noise level distributions. Figure 4 presents the
impact of 30% noise on a sensor recording. We observe from this figure that already at 30% noise the clean signal is
barely noticeable. We train 11 networks such that each network trains on a specific noise strength up to 100% noise.
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Fig. 5: Comparison between NLL loss of validation set computed during training per epoch, with and without PI loss term

We split the generated data into three groups: training set, validation set and testing set. The 5,000 samples in
the training data are split so that 4,500 (90%) are the training set and the remaining 500 (10%) are the validation set,
and we create additional 1,000 samples to compose the testing set. The training set is used to train the network (both
input and output are injected during training). The validation set is used to evaluate the performance during training.
While training, after each epoch we calculate the loss using the validation set, in addition to the loss computed using
the training set that is used for learning the weights of the network. By examining the validation loss we conclude if
the network is converging (train and validation losses are decreasing), saturating (validation loss stopped decreasing)
or if the network is over-fitting the training data (increasing validation loss and decreasing training loss). We save the
network weights after the network converges and before it starts saturating or over-fitting. The testing set is used to
evaluate the network performance on a data-set it has not seen during training and ensure that the network is able to
generalize (infer the output for samples not included in the training set).
We used 400 epochs and a batch size of 64 for training. We trained the networks on a Tesla T4 GPU for 3 days
(about 8 hours per model of the 11 mentioned models). After the model finished training, inference takes less than a
second per sample (applicable for real-time purposes).
We first present the contribution of the PI loss to the training process. In Figure 5 we show a comparison between
the computed NLL losses over the validation set during training, once with applying the PI loss term and once without
it. As a regulative term, we observe that the PI loss improves the convergence rate. The loss comparison presented
here is for a noisy data training. Without noise, the validation loss drops from 10−2 to 10−6 . Figure 8 presents visual
aspects of the method. We show two different examples of source locations. For each example, we show the cases
of 0%, 50% and 100% measurement noise. The leftmost images show the true image of the source, the middle ones
show the output of the TR block and the rightmost show the output of the network. We observe that with high noise
the TR images do not show a distinct image of the source. We are interested only in the location of the source, so we
compute the center of mass of the rightmost images as explained in section 4.4.
4.2. Naive network
We first test a naive approach for the same problem. The naive approach involves neither the TR process nor a
physically informed loss term. We did use the noise level inference and train 11 naive networks (one per noise level).
The architecture used for the naive network includes:
1.
2.
3.
4.
5.

Column stacking the sensors data into a N steps · N sensors × 1.
Dense layer of size 4096 × 4096. The output of this layer is of size 4096 × 1.
Reshape into 64 × 64 × 1.
Convolution layer with 4 filters of size 8 × 8. The output of this layer is of size 64 × 64 × 4.
Reshape into 128 × 128.

We use this architecture for all 11 networks. This architecture gives an excellent source refocusing for the noiseless case but fails when adding noise. Results are given in Table 1. From 10% and upwards the naive network gave the
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Fig. 6: Example of a thick Gaussian initial condition

same result as the 50% and 100% in the table. With noise, the reconstruction of the source using the naive approach
was equivalent to a random guess.
4.3. Test scenarios
In addition to the test setup mentioned above we conducted tests for different scenarios. In each scenario we
create a suitable data-set and train new networks according to that data. Due to the large complexity of the physically
informed loss function, the scenarios were tested without it. We expect even better results for these scenarios when
using the physically informed loss. The conducted tests are as follows:
• Noise distribution: We tested the method with noise distributions other than the normally distributed Gaussian noise to show the method is applicable in different scenarios. First, we use uniformly distributed noise:
U(0, σ) where σ = 0, 0.1, ..., 1. Then, we use additive noise instead of multiplicative, by {u(tn , xk , yk ) · (1 +
N steps ,N sensors
U(0, σ2 ))}n=1,k=1
. We present the results for the three interesting cases: a) multiplicative normally distributed noise, b) additive normally distributed noise, and c) additive uniformly distributed noise. As expected,
the results with additive noise are much better than with multiplicative noise. The results are summarized in
Table 1.
• Initial condition: We tested the method with a different initial condition. Now, we used thick Gaussians that
are much different from the thin ones (examples are shown in the leftmost images of Figure 8). An example of
such thick Gaussian is shown in Figure 6. The results in this case are similar to the previous results.
• Sensors placement: In many applications the sensors cannot be placed as in Figure 3. For example, in
underwater acoustics one often places the sensors floating on the water surface. We tested the method where all
the 8 sensors are placed on the boundary. We chose to place the sensors at the top boundary, and placed them
slightly below the actual boundary to avoid surface waves influencing the results.
• Absorbing boundaries: We tested the network with absorbing boundary conditions (ABCs) instead of reflecting conditions. Absorbing boundaries are used to mimic open boundaries (for example, a wave propagating in
the ocean) while reflective boundaries mimic hard bounded physical domain (for example, a wave propagating
in a pool). We implemented Mur’s [31] ABC in both the forward and backward solvers. For enforcing the
∂u
standard first order Mur ABC on the left boundary, we used ∂u
∂t = c ∂x on that boundary. Every other boundary
has a corresponding formula. We used the same ABC for both the forward and backward processes, changing
the sign when solving backwards since we have a first derivative of t (recall substituting τ = T − t in the TR
process). There are other methods to implement ABCs. We chose this implementation since it is computationally light and can be easily implemented and used inside the network (both for the FDCD layers and the PI
loss). We noticed a different behavior of the recorded data in the sensors which is due to the loss of energy.
An example of sensors recording with and without ABCs is given in Figure 7. Notice that with the ABC the
recorded pressures are much lower, showing effective absorption of the energy at the edges. Interestingly the
results with ABCs are better than with reflecting boundaries.
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(a) Sensors data without ABC

(b) Sensors data with ABC

Fig. 7: Examples of sensors recordings with and without ABC

4.4. Evaluation
For evaluating the source refocusing success, we calculate the distance between the true source location and the
center of mass of the predicted source. As shown in the rightmost images of (a-f) in Figure 8, the output of the
model is a probability image where the source location is the center of the segment. We calculate the total mass
PNx PNy source
by Mq = i=1
(xi , y j ) per sample (q = 1, ..., N samples ). We get the coordinates of the center of mass by
j=1 Õq
1 P N x P Ny
R̃q = Mq i=1 j=1 (xi , y j )Õqsource (xi , y j ). We find the distance between the true source location Rq and R̃q and measure
the success of the method by the statistical measures (mean, median and standard deviation) of the distances calculated
over the testing set. The results are given in Table 1. The physical domain chosen for this test is [0, π] × [0, π]. The
calculated distances are based on this domain size. We also calculate the distances in terms of pixels on the 128 × 128
grid as well.
We observe in Figure 8 that the middle images (plain TR output) look arbitrary and it is difficult for a human to
interpret the location of the source from them. However, the network output is sharper, showing the exact area where
the source is. Computing the center of mass of the network source refocusing images we retrieve the source location
accurately. Table 1 shows the statistical measures of the location results gathered from all the experiments conducted
in this work.
5. Conclusion
We presented an approach for source refocusing in an underwater medium. We used a finite difference scheme
for approximating the acoustic wave equation and formulated the problem of interest as a data-driven problem. We
proposed a novel method to deal with high measurement noise. We created a method based on four blocks. The first
is a prior network to infer the noise distribution of the sensors. Then, we incorporated the TR method into the deeplearning model. We then used convolution layers and trained several networks to retrieve the sources according to the
noise distribution of the input signal. Last, we proposed a PI loss term as a penalty to the network during training.
This term is based on the acoustic wave equation. We showed that this term enhances the training process (better
convergence). While training may be complex, inference is very quick and takes less than a second. We showed that
using a naive DL approach does not work with high noise, and TR alone struggles with high multiplicative noise (see
Figure 8). The proposed method combining TR and deep-learning yields accurate results even when the reference
methods fail. We tested the method under various conditions and the results are satisfactory, showing that the method
can be used for many applications. We intend as future work to extend the method for finding the location, shape and
size of unknown scatterers inside the domain. Preliminary results show that using the method we can retrieve some
information about the scatterer, mainly the location, but to get the shape and size with high noise is challenging. In
addition, another interesting direction is recovering the shape of the source, and not only the location as presented in
this work.
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(a) 0% noise example 1

(b) 0% noise example 2

(c) 50% noise example 1

(d) 50% noise example 2

(e) 100% noise example 1

(f) 100% noise example 2

Fig. 8: Visual examples of outputs of the source refocusing networks for different noise levels. Left is the true source image, middle is the output
of plain TR and right is the network inference output

Network type
Naive network

Proposed network
Test: Uniformly distributed
additive noise
Test: Uniformly distributed
multiplicative noise
Test: Thick Gaussians
(initial conditions)
Test: Sensors placed
on top
Test: ABC

Noise level

Mean distance

Median distance

Distance standard deviation

0%
50%
100%
0%
50%
100%
0%
50%
100%
0%
50%
100%
0%
50%
100%
0%
50%
100%
0%
50%
100%

0.1378 (5.569)
1.0964 (44.322)
1.0964 (44.322)
0.0162 (0.6534)
0.2046 (8.2722)
0.2107 (8.5172)
0.0085 (0.3451)
0.0104 (0.4199)
0.0178 (0.7185)
0.0117 (0.4716)
0.0095 (0.3857)
0.0233 (0.9424)
0.0505 (2.0407)
0.2587 (10.4577)
0.2402 (9.7114)
0.0104 (0.4208)
0.2179 (8.8085)
0.2234 (9.0292)
0.0147 (0.5951)
0.1421 (5.7435)
0.1373 (5.5519)

0.0247 (1.0)
1.1263 (45.53)
1.1263 (45.53)
0.0247 (1)
0.1749 (7.0711)
0.1749 (7.0711)
0.0 (0.0)
0.0 (0.0)
0.0247 (1.0)
0.0 (0.0)
0.0 (0.0)
0.0247 (1.0)
0.0247 (1.0)
0.2281 (9.2195)
0.204 (8.2462)
0.0 (0.0)
0.1584 (6.4031)
0.1732 (7.0)
0.0247 (1.0)
0.1106 (4.4721)
0.1049 (4.2426)

0.4631 (18.72)
0.4016 (16.235)
0.4016 (16.235)
0.0146 (0.5917)
0.1407 (5.689)
0.1538 (6.2194)
0.0129 (0.5224)
0.0135 (0.5438)
0.0133 (0.5365)
0.0143 (0.5775)
0.0136 (0.5479)
0.012 (0.4857)
0.1358 (5.4878)
0.1639 (6.6257)
0.154 (6.2252)
0.0136 (0.5504)
0.1865 (7.5412)
0.1849 (7.4734)
0.0142 (0.5734)
0.1129 (4.5621)
0.1131 (4.5702)

Table 1: Statistical aggregation of the source refocusing results. The distances in pixels are given in brackets
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